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Abstract—This paper develops a self-contained theoret-
ical framework for the interaction of localized quantum
spins with weak gravitational-wave (GW) perturbations,
formulated in an absolute-space / universal-time (3+1)
setting. Building on Mathisson—Papapetrou-Dixon dynam-
ics, Thorne-Macdonald 3+1 bookkeeping, and Caves’
distributed-in-time measurement formalism, we derive an
explicit worldline spin—gravity interaction action, identify
the leading curvature and gradient couplings, and con-
struct the path-integral/influence-functional representation
describing the gravitational field as an intrinsic meter. We
then integrate these components into a time-distributed
measurement model and provide concrete expressions
suitable for numerical evaluation (e.g., an N-pulse se-
quence). The analysis clarifies how angular-momentum
exchange between the spin subsystem and the GW field
preserves total angular momentum and demonstrates how
information about the spin trajectory can, in principle,
be carried by outgoing gravitational radiation. Practical
scaling laws and limitations are discussed.

Index Terms—Gravitational waves, spin precession,
MPD equations, distributed-in-time measurement, influ-
ence functional, 3+1 formalism, ZAMO, Tulczyjew SSC.

I. INTRODUCTION

The interaction of localized quantum degrees
of freedom with dynamical spacetime — even in
the weak-field, linearized regime of gravitational
waves (GWs) in General Relativity — provides a
probe into rich conceptual territory where quan-
tum measurement, momentum conservation laws,
and gauge choices interplay. This work assembles
and extends into new territory three strands of
formalism that are individually well-established: (i)
the Mathisson—Papapetrou—Dixon (MPD) descrip-
tion of a spinning test particle in curved spacetime,
(i1) the 3+1 three coordinates of absolute-space /
one of universal-time book-keeping developed in
Thorne—-Macdonald and related treatments which
exposits on the relation between proper-time evolu-
tion and global observables, and (iii) the distributed-

in-time path-integral measurement framework (due
to Caves et al.) which prescribes how to treat time-
extended quantum measurements and meters in a
path-integral language.

Our central goal is to present a practically us-
able action and path-integral representation for a
localized spin interacting with linearized GWs, to
extract the leading terms of interaction kernels
(stress—energy source and resulting influence func-
tional), and to show how sequences of impinging
GW pulses (in an N-pulse model) produce cumu-
lative spin changes that are constrained by total
angular-momentum conservation. The formulation
is explicitly done in a zero angular momentum
observer (ZAMO)/global-time 3+1 language so that
numerical simulation and comparison with earlier
Eulerian or Fermi-normal coordinate derivations is
straightforward.

The remainder of the paper is organized as follows.
Section II introduces the physical setup and notation
in the linearized gravity framework. Section III
develops the Mathisson—Papapetrou—Dixon (MPD)
pole-dipole reduction and derives the worldline
spin source. Section IV presents the nonrelativis-
tic Hamiltonian forms and maps spin-connection
terms to curvature-driven torques. Sections V-VII
formulate the distributed-in-time measurement path
integral, integrate out the gravitational-wave field to
obtain the influence functional, and analyze back-
action freedom together with angular-momentum
exchange. Section VIII extends the analysis to
two localized spins in curved spacetime, deriving
the retarded spin—spin coupling kernels and clar-
ifying collective versus relative rotational dynam-
ics. Section IX explores structural correspondences
and angular-tensor decompositions that govern the
causal spin—spin coupling. Section X connects the
formalism to the N-pulse model and sketches
numerical-ready expressions. Section XI discusses
angular-momentum accounting, scaling laws, and



limitations. The paper concludes with a summary
and suggested directions for future work. The ap-
pendices provide extended derivations, detailed ten-
sor contractions, and supplementary discussions that
support and expand upon the results in the main text.

TABLE OF NOTATION

The adjacent table lists all the symbols used in
the paper and their meanings.

II. PHYSICAL SETUP AND NOTATION

We work in linearized gravity about Minkowski
spacetime,

Guv = N + h,ltl/7 |h/u/| < ]—7 (1)
and use Greek indices u,v,... = 0,1,2,3,
spatial Latin indices i,j5,k = 1,2,3, and

signature (—,+,+,+). Global time t denotes
the Thorne—Macdonald universal time coordinate;
proper (ZAMO) time 7 is related to ¢ by the lapse
a via dt = a,dt locally. We use units with ¢ = 1
except where convenient factors are shown.

The localized quantum system is a spin (for
clarity we mostly consider spin—% but retain tensor
notation for generality). The spin tensor is S*” and
the spatial spin 3-vector is

_ 1 ik
S; = §5iijj )

2)

with ;5 the Levi—Civita symbol. We adopt the
Tulczyjew spin supplementary condition (SSC)
S*p,, = 0 for the derivations that follow (Sec. ;
explicit comments appear where other SSCs would
alter O(1) prefactors.

We label the gravitational-wave field in TT gauge
by spatial components h;;(t,x) and adopt standard
polarization decomposition for plane waves. The
central worldline (location of the localized spin)
is taken to be at x = 0 for simplicity; finite-size
corrections are discussed qualitatively.

III. MPD POLE-DIPOLE STRESS—ENERGY AND
THE WORLDLINE SPIN SOURCE

The pole—dipole truncation of the multipole ex-
pansion for a compact object gives the distributional
stress—energy tensor (Dixon form)

T (x) = /dT [p(“u”)5(4)(a:—z(7))—va(Sa(“u”)5(4

3)

& iabnd

where 2/ (7) is the representative worldline, u* =
dz"/dr and p* is the momentum monopole. Insert-
ing into the linearized interaction action
Sw =4 [ @@ @
and integrating by parts produces a spin-dipole
coupling term
Sl — 1 / A7, Oohy (2(7)), S° U (7). (5)
This identity is exact at the pole—dipole level, up to
surface terms. It shows that the dipole (spin) couples
naturally to derivatives of the metric perturbation
rather than to h itself; equivalently, the convenient

effective source that pairs with h;; is distributional
and involves spatial derivatives:

(a,0) = k(SO ). ©

Equation (6)) is most simply interpreted in the world-
line pairing 3 [ d®z, h;;(t,x)7"(t,x): integrating
the derivative onto h;; reproduces (5).

A. Nonrelativistic rest frame and Tulczyjew SSC

For a nearly-rest worldline (u’ ~ 0, u" ~ 1) and
Tulczyjew SSC S% =~ 0, the leading coupling to
spatial metric values h;;(t,0) vanishes; the leading
observable couplings arise from spatial gradients
Oghi; or from the Riemann tensor components
Rowj ~ —307hi;. This observation explains why
a naive local h;;S* torque is absent for pure TT
plane waves impinging on a pointlike spin at rest
— the physical torque is curvature/gradient driven.

B. Converting to global time (3+1 lapse factors)

Thorne—-Macdonald’s 3+1 language clarifies the
difference between worldline proper-time evolution
and the global-time evolution used in practical
bookkeeping. Because dr = a, dt, any proper-time
rate must be converted:

d 1d
dt  adr’
Consequently, curvature-driven torques expressed
per unit proper time become rescaled by 1/a
when eﬁﬁjessed per unit global time; this factor

consistently in the Hamiltonian and
influence-functional constructions below.

(7



TABLE 1
TABLE OF NOTATION
Symbol Meaning
Guv Background Minkowski metric
hyw Linearized gravitational-wave perturbation (|h,.| < 1)
t Global (Thorne—Macdonald) universal time coordinate
T Proper (ZAMO) time
@ Lapse function relating d1' = a dt
SHv Spin tensor of localized system
St = kS, Spatial spin 3-vector
€ijk Levi-Civita symbol
Tulczyjew SSC: S*”p, = 0 | Spin supplementary condition used
hij(t,x) TT-gauge spatial GW components
T (x) Stress-energy tensor (Dixon pole-dipole form)
2#(T) Representative worldline of the spin
ut =dz*/dT Worldline four-velocity
p" Momentum monopole
Sspin Spin-dipole coupling action
T;j(z,t) Effective worldline source coupling to h;;
wab(t) Linearized spin connection
Sab Spin generator

H(t) = Ho + Hin(t)
Him(t) = —wab(t)Sab

C’SS‘C
s’
dt
Sett ()
Seot[S, ]
A(yq’ hOUl)
FI[S, 5]
Diji(t,t) GW propagator kernel
Js(t)
K(t,t) Measurement kernel (noise + signal)
AS
h%’)(t) n-th GW pulse strain tensor
ef,_"’)x Polarization tensors of n-th pulse
Jspin Change in spin angular momentum
AJow
Jot = S + Jow + Jother
R, )
Ok Small rotation angle of k-th wobble
g Rotation axis of k-th wobble
Ok Azimuthal angle of wobble axis
Aoy
P Net cumulative rotation about z-axis
H spiny H field
P z
L

Nonrelativistic Hamiltonian decomposition

Spin-connection interaction term

SSC-dependent prefactor in spin-curvature coupling

Spin evolution equation under curvature torque

Effective precession vector from curvature

Total action (spin + GW + interaction)

Joint amplitude for distributed measurement outcomes
Influence functional coupling forward/backward spin histories

GW-mode projection of worldline source

Cumulative spin change from GW pulses

Change in GW angular momentum flux
Total angular momentum (conserved)
Local SU(2) rotation operator (wobble)

Incremental change in azimuthal angle between bursts

Enlarged Hilbert space (spin + GW field)
Effective polarization/precession shift along z-axis
Magnitude of classical rotor angular momentum
Retarded GW Green’s function

Distributed measurement functional (Caves formalism)
Wa(t) Window function for distributed measurement
IV. HAMILTONIAN AND NONRELATIVISTIC with H, the internal spin Hamiltonian (zero for
REDUCTION an isolated spin except for possible Zeeman terms)

and the interaction term obtained from the spin-

Start from the curved-space Dirac action or from
the MPD equations and reduce to a nonrelativistic
Pauli-type Hamiltonian for a localized spin degree
of freedom. The schematic structure — valid to first
order in h and in the nonrelativistic limit — is

H(t) = Hy + Hin(1), ()

connection pieces in the Dirac or MPD reduction.
Following the standard expansion one finds an
operator-form coupling

Hint (t) = _%7 wOab<t)7 S(lb’ (9)



where wy,; is the linearized spin connection eval-
uated in the chosen frame and S the spin gener-
ator. In TT gauge with hg, = O the spatial spin-
connection components simplify to wp;; ~ %dghlj;
naively substituting yields

Hing(t) 2 —20,hy;()SY. (10)

However, expressing S = Y%, and contracting
€kijOchij gives zero for any symmetric h;;, explain-
ing the previously-mentioned vanishing of a first-
order local torque.

A. Curvature coupling (MPD result)

The leading nonvanishing spin evolution arises
from spin—curvature coupling present in the MPD
formalism. After a careful reduction and choice of
SSC one obtains, in the nonrelativistic rest frame
and expressed per unit global time,

dSZ CSSC - . 9
= € h(t), S 11
o 5 (), 87 + O(5%,vS), (11)
where Cssc = O(1) is an SSC- and convention-

dependent prefactor (e.g. C ~ 1/2 or 1 depending on
definitions) and a is the lapse. For plane TT waves
hi; is the linearized Riemann component —2R;,
so (L) is consistent with the Riemann-driven torque
intuition.

B. Effective Hamiltonian for the nonrelativistic spin
Equation (1) is equivalent (for unitary spin evo-

lution neglecting dissipation) to a time-dependent

Hamiltonian Heg(t) = —Qeg(t) - S with

. C % SSC .
(Qesr) % i(t) = T, ik hjk(t),

where the antisymmetric combination maps the
Riemann-driven tensor into an effective precession
vector. In many practical coordinates €;;h;, = 0
for a pure TT plane wave at a single point, and thus
the MPD tensor form (component contraction) is the

(12)

A. Total action and measurement kernels

The full action (in global time) is
Siot[Ss h] = Sspin[S] + Sawl[h] + Si[S, h], (13)

where Sy, encodes the intrinsic quantum rotation
action (e.g. Berry-term for spin path integrals plus
any Hy), Sqw is the quadratic linearized-gravity ac-
tion in TT gauge, and Sy, is given by (5)) (converted
to t via dT = a,dt). A time-distributed measure-
ment occurring over a causal window around time
t, 1s modeled by a resolution amplitude (kernel)
Y, (y,—Y,[S, h]), where ), is the functional (Caves’
functional) mapping the histories into the readout
variable.

B. Joint amplitude and integrating out the GW field

The joint amplitude for outcomes y, and final GW
configuration A, at time ¢y is

Ay, hows) = / DISIDIA], /554 TT ¥, (5=, [S, h]), 6 (1

(14)
Because Sgwl[h| is quadratic and S, is linear in
h for the pole—dipole truncation, the h-path integral
is Gaussian and can be performed exactly, yielding
an influence functional F[S,S’] coupling forward
and backward spin histories. The reduced amplitude
for spin histories conditioned on measurement out-
comes is then

Avea(yq) = /D[S]D[S/]’ei(sspm[s}Sspin[S’})’]:[S’ s, H?q(
q

_ (15)
where Y, are effective kernels obtained after inte-

grating out h and possibly conditioning on outgoing
GW observables.

C. Form of the influence functional

The influence functional is (schematically)

safer canonical object to use numerically. i T

FI[S,S] = exp {—5 / dtdt’ (77(t) — 77 (t)) Dijpu(t, t')—

V. DISTRIBUTED-IN-TIME MEASUREMENT —
PATH-INTEGRAL FORMULATION

We now adapt Caves’ distributed-in-time mea-
surement formalism to the spin+GW system in
global time. The objective is to write the joint
amplitude for a sequence of measured outcomes
Yqq—1 corresponding to time-distributed readouts of
functionals of the spin and/or metric.

(16)

where 7%(t) is the worldline source (distri-
butional) obtained above and D;;(t,t") is the
appropriate GW propagator (combination of re-
tarded/advanced/Feynman kernels depending on the
measurement condition; for unconditional reduced
dynamics use the closed-time-path / in-in prop-
agator). Importantly, because 7 contains spatial



derivatives (Eq. (6)), the kernel effectively involves
derivatives 00y D evaluated at coincident spatial
points, which manifest as time-nonlocal curvature-
type couplings in the reduced spin dynamics.

VI. GW AS METER: INFORMATION TRANSFER
AND BACK-ACTION

Treating the GW field as the measurement ap-
paratus, the outgoing GW modes after interaction
with the spin carry information about the integrated
worldline source 7%[S]. Expanding the influence
functional to second order in the weak spin-GW
coupling gives a Gaussian conditional probability
for measured GW-mode amplitudes ¢ of the form

P(£[S) oc exp

(17)
where J5(t) is the GW-mode projection of 7%/[S](t)
and K encodes the mode kernel (including quantum
and classical noise). The same kernel’s imaginary
part produces back-action on the spin-state reduced
dynamics. The effective signal-to-noise and the abil-
ity to infer features of S(t) from ¢ are determined
by the ratio of |Js| to the kernel width K~'; for
physically realistic GW amplitudes and microscopic
spins this ratio is extremely small, but the formal
structure stands.

VII. BACK—ACTION FREEDOM AND
FORCE-LIKE GRAVITATIONAL SPIN DRIVING

The interaction between the localized spin and
the weak, impinging gravitational waves (GWs)
may be viewed through two fully compatible in-
terpretations: (i) as a curvature-driven torque on
the spin through the MPD reduction, and (ii) as a
time-distributed measurement in the sense of Caves,
where the GW field acts as the intrinsic meter
coupled to the spin’s history. In this section we
link these two perspectives by recalling the concept
of back-action-free force detection developed for
a simple harmonic oscillator (SHO) monitored by
time-shifted meters. We show that the same struc-
tural ideas illuminate how the spin’s local curvature
coupling can be probed by distributed GWs and
that angular-momentum exchange with the field
naturally plays the role of “meter back-action” in
a rotational sector.

A. From Impulsive Meter Couplings to GW Pulses

In standard distributed measurements, the detec-
tor is modeled as a sequence of meters coupling to
the system in non-overlapping time windows. If the
coupling functions K;(t) satisfy specific orthogonal-
ity constraints, the collected meter readouts reveal
the applied force while canceling the system’s initial
conditions and back-action noise injected by ear-
lier meters. Thus, information flows unidirectionally
from the unknown force into the meters.

Our spin-GW scenario admits a direct analogy:
each short gravitational pulse functions as an ex-
ternal meter which (i) couples locally to the spin’s
angular momentum and (ii) carries away angular
momentum after the interaction. Because the GW
field is dypamical, the “meters” are physically real

1l / dtdt' (Js(t)—€(t)) K (t,t') (Ts(figldg(thit| auxiliary ancillas. The distributed cou-

pling kernels are instead the time profiles f, ()
of the arriving pulses. These kernels are not un-
der perfect experimental control in astrophysical
sources, but the theoretical structure is identical: the
mapping from pulse history to final spin state may
be expressed as a linear functional to first order in
the GW amplitude.

Denoting by S’(t) the Heisenberg spin operator
in global time, and by hl(-;‘) (t) the n-th TT-wave
pulse arriving in a finite window (t,,t, + 7},), the
cumulative first-order spin change is

Cssc T ;
AS Z / dt b (t) SU(t),

which is the rotational analogue of the force-
determination expression in oscillator detection.

(18)

Equation (18) is the dynamical counterpart
of extracting information from the integrals

dt in the oscillator case.

[ Ki(t

B. Freedom from Initial Spin Direction: A Rota-
tional Orthogonality Condition

Where the SHO analysis demands that the Fourier
components K;(wp) vanish at the natural oscillator
frequency to suppress sensitivity to initial condi-
tions, an analogous rotational condition appears
here.

If successive pulses have propagation directions
and polarization tensors chosen such that their effec-
tive curvature-torque vectors span a plane contain-
ing the initial spin direction, then the leading-order



torque produces only in-plane “wobbles” which,
when summed, have vanishing projection along the
initial spin axis:

tntTp )
Z/ dt h(t) S§ ~ 0.

In this configuration, the reduced dynamics become
insensitive to the unknown initial spin orientation
along that axis, just as carefully designed meter
pulses suppress sensitivity to initial SHO posi-
tion and momentum. Rotational geometry replaces
Fourier zeros, but the logic of isolation from initial
conditions is identical.

The same geometry that removes initial-state de-
pendence also eliminates first-order back-action on
the conjugate rotation variable; to detect curvature
information without disturbing the protected com-
ponent of angular momentum is a genuine back-
action-free channel. Crucially, this does not vio-
late angular-momentum conservation: the orthog-
onal component of the spin remains a reservoir
exchangeable with GWs.

(19)

C. Non-Commutativity and Constructive Holonomy

Back-action freedom in the SHO example merely
prevents detector noise from obscuring the signal;
it does not generate any intrinsic dynamics. In con-
trast, for the spin system the non-commutativity of
SU(2) produces a quintessentially quantum second-
order effect: even when Eq. holds, the small
rotations generated by Eq. (I8) accumulate through
the Baker—Campbell-Hausdorff (BCH) series to
yield a net rotation orthogonal to the wobble plane.
This is a geometrically robust signature of curvature
holonomy on the Bloch sphere.

Therefore, the same distributed-measurement
structure that suppresses initial-condition back-
action also enhances sensitivity to cumulative cur-
vature twisting: the protected component of spin
effectively becomes a curvature probe.

D. GW Field as Both Signal and Back-Action Chan-
nel

From the Caves—influence-functional perspective,
one may solve for the outgoing GW modes condi-
tioned on the spin history. The resulting conditional
probability is Gaussian in the extracted field ampli-
tudes and contains two pieces:

1) A signal term: the outgoing GW radiation
carries a linear imprint of the spin evolution
through the dipole worldline source;

2) A back-action term: the imaginary part of the
influence kernel captures the torque noise the
GW field feeds back into the spin’s off-axis
components.

In the carefully arranged geometry matching
Eq. (I9), these two terms separate cleanly: the pro-
tected spin component experiences no decohering
back-action yet remains inferable from the outgoing
GW field. This is the rotational analogue of meter-
noise evasion in SHO force detection.

E. Conservation Laws: No Violation of Rotational
Symmetry

It is essential to emphasize that angular-
momentum conservation is never threatened. When-
ever the reduced spin gains a longitudinal compo-
nent by the effective BCH rotation, an equal and
opposite correction appears in the GW sector as
outgoing helicity flux. The Wigner rotation group
remains a symmetry of the full system; any apparent
violation arises solely from neglecting the meter’s
angular-momentum channel.

F. Summary of Structural Correspondences

The adjacent structural map clarifies that our
GW-spin system is a faithful back-action-free
rotational-force detector in principle, with the grav-
itational field playing both the signal carrier and the
conjugate-back-action channel.

VIII. TwO SPINS IN CURVED SPACETIME

In the preceding sections we examined the dy-
namics of a single classical spin interacting with
a sequence of incident gravitational waves. That
analysis built upon the pole—dipole truncation of the
Mathisson—Papapetrou—Dixon (MPD) equations and
employed the in-in/influence-functional formalism
to account for the causal back-action of the grav-
itational field. Here we extend the formulation to
incorporate two localized spinning particles whose
worldlines are influenced not only by the externally
incident gravitational pulses but also by a “refer-
ence” gravitational wave that modulates the spatial
separation between them. This allows us to explore
whether the pair rotates as a collective rigid object
or instead exhibits richer internal relative motion.



Oscillator Force Detection

Spin—-GW Interaction

Force F'(t) drives z(t)
Meters K;(t) couple to x(t)
Back-action noise in p
Fourier zero removes 1Cs
Final meter state = F'
Noise-evading quadrature

Curvature h;;(t) drives S*(t)

GW pulses couple via MPD dipole source
Angular-momentum flow in GW helicity
Geometric alignment removes ICs

Outgoing GW = curvature
Protected spin component

TABLE I
STRUCTURAL MAP

A. Worldline Sources and Influence Functional

Let the two particles be labeled by o € {A, B}
with worldlines 2®(¢) and spin 3-vectors S¢(¢). For
each, the pole—dipole stress-energy density may be
written, as before,

T, 1) = — Op (S () usy (1) 6 x — 22(1)))
(20)
where 577 = €;;15; and uf is the spatial velocity
of particle .. The total source experienced by the
gravitational field is then

Tij(x7t) = T{;‘(J],t) + Ti?(‘r7 t) (21)

Following the same integration procedure used
in the single-spin case, the linearized gravitational
field h;; is Gaussian and can be integrated out to
yield the influence functional F'[S,S’]. Because 7;;
is quadratic in the exponent of the CTP integral,
the result contains three classes of terms: (i) self-
interaction of A, (ii) self-interaction of B, and
importantly, (iii) cross-interaction terms that encode
the causal exchange of gravitational radiation and
tidal influence between the two spins. The latter take
the form
?

sl S = 3

(22)
Here D%*! is the relevant CTP propagator for the
transverse-traceless graviton. This single expression
compactly contains the entire physical content of
gravitational mediation between the two spins.

B. Two-Spin Equations of Motion

As in the one-body case, the effective equations
of motion follow from varying the real part of the
influence action, leading to torques on each spin
from two distinct sources:

(1) local curvature at the particle’s own position,
arising from the externally supplied incident

pulses and the “reference” wave that drives
separation oscillations;

(i1) retarded curvature sourced by the other spin—
the physical back-action of one particle’s spin-
dipole GW field upon the other.

To leading order in the weak-field, nonrelativistic
limit,

dS(t) C

dt 2a

with a symmetric expression for S%(¢). The coeffi-
cient C'/a is the same conversion factor identified
previously between curvature and spin-precession
rate. The new term is the retarded torque

Cip(t) = —/dt’ K (124, 25) Sh(t).  (24)

This memory integral reflects the causal propaga-
tion time required for gravitational radiation from
particle B to reach particle A.

W (t 22 () Sh(t) + Chp(t), (23)

C. Structure of the Retarded Kernel

The kernel is obtained by inserting the explicit
expressions for 7% into Eq. and extracting the
part proportional to S (for the torque on A). After

J T i) , . _Aeducing the antisymmetric spin tensors to 3-vectors
/ dt dt [Tij (£) DV () g (¢ )+Tijui1 }{é@l&m@? OGBS VERePHIGEY at the

compact representation

gzab 53’ cd 8aac/ Gret

‘ 1
IClj(t7 t/) = 5 bd,pq
(25)
where G*™" is the retarded Green’s function for a
massless spin-2 field in TT gauge. The derivatives
act with respect to the spatial coordinates of A and
B respectively, and the u”u? projection ensures we
are extracting the dynamical curvature components
(hs; in the particle’s rest frame).

Equation (23) is general and exact at linearized
order. However, analytic understanding is greatly
clarified by special cases. Two regimes of particular
physical relevance emerge:

(t. 24(t); ¢, 25 () uPul,



(i) Near-zone / uniform-field regime.: 1f the
instantaneous separation R = }zB () — 24 t)} is
much smaller than the gravitational wavelength Agw
of the incident pulses and the binding between the
particles ensures quasi-rigid motion, then the curva-
ture experienced at the two sites is nearly identical.
In this limit the propagator derivatives collapse to
local functions of ¢ and the kernel reduces to

Key(t 1) ~ ) 1'5(t)

C /
5 0t — (26)

a
thereby reproducing the single-spin MPD torque
law and confirming that the pair rotates as a single
effective object.

(ii)  Finite-separation / retarded-coupling
regime.. When the oscillating separation is
comparable to (or larger than) Agw, the full
causal propagation structure matters. Using the
spherical-wave form of the retarded spin-2 Green
function and applying the spatial derivatives yields

i ia c ~ A‘S%)<A)
27
where At = t —t, 2 = (2 — 24)/R, and

P is the usual TT projector. The coefficients
ASZ)(T}) encode directional structure. Physically,
these three contributions correspond to a quasi-static
tidal term (1/R?), an induction term (1/R?), and
a radiation-dominated term (1/R). Substituting this
into Eq. yields the compact retarded evaluation

Fi(h)

Cip(t) ~ — R 9 (1)

R?

SL(t—R)+ SL(t—R)+
(28)
The three tensors F, G, and H are obtained by
explicit contraction of the Levi—Civita products with
the TT projector and will be detailed momentarily.

In summary, the fate of the two-spin system—
whether it behaves as a unified rotor or develops
nontrivial internal rotational dynamics—depends
sensitively on the instantaneous ratio R/Agw, the
degree of internal rigidity, and the relative phases of
the incident pulses. The stage is now set to evaluate
the explicit angular tensors F, G, and H appearing
in Eq. (28), which govern the causal spin—spin
coupling through the gravitational field.

M (7)

D. Explicit Angular Tensors for Retarded Spin—Spin
Coupling

The kernel expansion in Eq. (28) requires the
angular tensors F, G, and H that result from con-
tracting Levi—Civita products with the transverse-
traceless projector of the graviton propagator. We
now compute these objects explicitly.

Let i = (2% — 24) /R denote the unit separation
vector pointing from particle A to particle B. In the
TT gauge, the projector takes the form

Pijai () = (i — Nitug) (00 — ﬁjm)—% (03

(29)
which enforces symmetry, transversality, and trace-
lessness.

The double Levi-Civita contraction in Eq. (25)
effectively converts the antisymmetric spin tensors
into the physical spin 3-vectors and projects or-
thogonally to n. After straightforward (but lengthy)
algebra we may express all terms in Eq. (28) using

two orthogonal pI‘OJeC'[?l‘S on spin space:

LQ%L&% = R)n ],L(@Zzﬁﬂéif ,CRI)?} (30)

The operator P+ projects any vector into the plane
transverse to the line of separation, while () rotates
that transverse projection about 7 by 7/2.

It is then advantageous to parametrize the full
causal kernel in the basis { P+, Q}:

Fii(h) = fr PY i+ f2 Q'
€19

For nonrelativistic motion (u° ~ 1, v’ ~ 0), the
coefficients are

w

] _ — —
g1 = =3, g2= 3 (33)
15 15
h ==, hy=—+ (34)
Thus we have the compact and explicit forms
AN 3 % %
Fii(n) = 5 (P - QY) (35)
G';(n) = =3(P~'; - Q) (36)
o 15 i ;
H () = o (P - Q) (37)

Several key structural facts follow immediately:

- ﬁz’flj) <5kl - ﬁkf

gij(ﬁ) =0 PMJ‘JFQQ Qija



e Each tensor annihilates the component of the
spin along the line of separation:

Fnd =gt n) =H 0! =0.

Thus the gravitational torque is constrained to
the transverse plane.

e The operator () generates a phase-shifted ro-
tation in the transverse plane, meaning the
retarded influence of B on A generically pro-
motes beat-like and precessional dynamical
patterns.

e The hierarchy

|H| > |G| > |F| as R—0

confirms the dominance of near-field tidal
coupling for small separations.
Substituting Egs. (32)—(34) into Eq. yields
a fully explicit evolution law for the two-spin sys-
tem in curved spacetime that automatically encodes
retarded causality, directionality, and gravitational
radiation reaction. These ingredients allow us to
explore whether an oscillating separation driven
by a reference gravitational wave enforces rigid-
body co-rotation, or instead excites internal differen-
tial modes with accumulated noncommutative spin
holonomy.

We now proceed to analyze the dynamical conse-
quences of this coupling structure in representative
pulse-driven scenarios. But before we do that, a
segway to look at the macroscopic case.

E. Black Holes as Coupled Spinning Objects: Clas-
sical vs. Microscopic Spins

Up to this point our analysis has treated each spin
as a microscopic, polarizable dipole source carried
by a compact particle. This is the correct description
for fundamental quantum spins or small composite
bodies. However, to emphasize the contrast between
quantum and classical rotational degrees of freedom,
it is illuminating to replace each spinning particle
by a Kerr black hole, whose angular momentum is
macroscopic and fundamentally a geometric prop-
erty of the gravitational field itself.

The MPD pole—dipole truncation used throughout
the previous sections remains formally applicable
in this setting: a spinning black hole moving in
an external gravitational field is well approximated
by a worldline with a mass monopole and spin

dipole, provided the curvature gradients across the
horizon are small. In this sense, Eqs. (23) and
(28)) still describe the precession of the black hole
spin vectors due to tidal gravitational fields and
gravitational radiation exchange.

Yet, several key conceptual differences emerge:

(i) Classical spin is geometry.: For a black
hole, the “spin vector” S? is not a property of
internal matter, but a classical charge associated
with horizon geometry (the Killing—York quasilocal
angular momentum). Its magnitude obeys the Kerr
inequality |S| < M?. Therefore, the SU(2) spin
space appearing in the microscopic case becomes
a purely classical phase space lacking any intrinsic
quantization.

(ii) Gravitational waves extract horizon an-
gular momentum.: In the microscopic spin case,
radiated angular momentum is supplied entirely by
the external field. For black holes, radiation reaction
physically modifies the horizon geometry: S*(t) de-
creases when outgoing waves carry positive angular
momentum flux in that direction. The influence-
functional derivation makes this explicit, since the
imaginary part of the influence action is proportional
to the GW energy—momentum flux.

(iii) Strong-field tidal response dominates.:
The near-zone tensor H';(n) in Eq. is pro-
portional to 1/R? and represents the leading tidal
spin—spin coupling. For black holes, this response
is enhanced by the large horizon radius:

so nearby spinning holes experience differential
torques that far exceed the microscopic case. This
is consistent with the well-known strong spin—orbit
and spin—spin couplings in post-Newtonian binary
dynamics.

(iv) No inherently quantum holonomy.: Al-
though noncommutative accumulation of rotations
still occurs for classically spinning bodies, a Kerr
black hole lacks the SU(2) quantization angles
and Berry-phase-like geometric phases associated
with internal quantum spin. Thus any net rotation
accumulated from a sequence of pulses directly
reflects classical curvature holonomy rather than
microscopic quantum structure.

(v) Internal rigidity.: Unlike two microscopic
spins, two black holes separated by a substantial
distance do not constitute a rigid body. There is
no material linkage enforcing co-rotation; only the



gravitational field communicates torques. As a re-
sult, synchronous rigid-like rotation requires the
very tight-binding condition R < Agw, otherwise
delayed retarded coupling induces differential pre-
cession similar to that described in Sec. [VIII-DL

In light of these classical features, the present
two-spin formalism naturally describes black-hole
spin dynamics driven by a sequence of incoming
gravitational waves, including the reference mode
that oscillates the separation. This provides a clean
setting in which to study how strong-field spin—spin
interactions, tidal torques, and radiation reaction
compete to produce (or suppress) coherent rotational
response in the binary.

Whether such a pair undergoes collective preces-
sion or develops significant internal misalignment
depends on the relative size of the causal coupling
terms in Eq. and the characteristic orbital time
scales of the binary compared to the pulse timing.
We turn to this dynamical question in the following
section. However, before doing so, we do a zoom
out in scale first.

IX. CHANDRASEKHAR’S STELLAR BROWNIAN
MOTION AND ITS RELEVANCE

In order to place the present work in its proper
historical and physical context, we summarize the
essential elements of Chandrasekhar’s classical the-
ory of stellar Brownian motion, emphasize the as-
sumptions that permit its reduction to a tractable
kinetic description, and highlight which of those as-
sumptions are modified in the presence of a periph-
eral, pulse-driven gravitational-wave (GW) bath as
studied in this paper. The reader will find the origi-
nal, comprehensive development in Chandrasekhar’s
canonical review; the equations and notation here
follow that presentation closely.

A. Basic equations and physical picture

Chandrasekhar models the motion of a represen-
tative star immersed in a field of many weakly inter-
acting neighbors by an effective Langevin equation
for the star’s center-of-mass velocity u(t):

du

a =1 u<t) + Ast<t)u

where 7 is the dynamical-friction coefficient and
Ag(t) is a rapidly fluctuating acceleration produced

(38)
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by a superposition of distant, weak encounters and
occasional closer deflections. The physical content
of Eq. is the separation of influences into a sys-
tematic dissipative term (dynamical friction) and a
stochastic fluctuating term (Brownian kicks). Under
the assumptions that (i) the stochastic increments
are zero-mean, (ii) they decorrelate on time scales
short compared with the macroscopic evolution of
u(t), and (iii) the increments can be treated as sta-
tistically independent over suitably chosen intervals,
Chandrasekhar derives a Kramers (Fokker—Planck)
equation for the one-particle velocity distribution
W(u,t).
The central kinetic relation takes the form

ow 0 2

where ¢y, is the Chandrasekhar diffusion coeffi-
cient in velocity space. Equation (39) embodies
the fluctuation—dissipation balance that enforces re-
laxation toward the Maxwellian velocity distribu-
tion in the absence of other external drivers. In
Chandrasekhar’s derivation gcy, and 7 are obtained
from microscopic two-body encounter integrals, and
in astrophysical contexts their magnitudes are set
by the ambient stellar density, mass spectrum, and
velocity dispersion.

(39)

B. Assumptions and domains of validity

The applicability of Chandrasekhar’s Brownian
framework rests on several interlinked assumptions
that must be tested whenever new long-range or
coherent forces are introduced:

1) Markovianity of fluctuations. The random
increments Ag(f) are assumed to decorrelate
rapidly; over a coarse-grained interval At the
net increment can be treated as the sum of
many statistically independent micro-events.

2) Separation of time scales. There exists a hi-
erarchy of timescales: microscopic encounter
times < coarse-graining interval < relaxation
time of the distribution W (u,1).

3) Isotropy and homogeneity. The background
field of stars is typically assumed to be sta-
tistically isotropic and spatially homogeneous
over the scales of interest, leading to scalar
diffusion coefficients and friction.

4) Weak coupling. Encounters are mostly dis-
tant and weak; strong, close encounters are



rare and can be treated as perturbative correc-
tions.

When these hold, the diffusion coefficient gcy,
and friction 7 can be computed by averaging two-
body scattering results, and the long-time behavior
(e.g. relaxation times) follows directly from the
Fokker—Planck analysis.

C. Effects introduced by a peripheral GW pulse
bath

The present work introduces, in addition to the
Chandrasekhar ingredients, an externally supplied
sequence of gravitational-wave pulses that impinge
on the stellar field from the periphery. This GW
bath modifies the earlier assumptions in several
important ways:

a) (i) Breakdown of strict Markovianity.: A
coherent pulse sequence carries temporal correla-
tions over the pulse coherence time; the tidal ac-
celerations induced by successive pulses need not
be independent on Chandrasekhar’s coarse-graining
scale. Consequently, the stochastic forcing becomes
non-Markovian in general and must be represented
by correlation kernels (Z&y (£)Z4w (t')) with finite
width.

b) (ii) Directional anisotropy.: Peripheral inci-
dence of GWs imposes a preferred direction (or set
of directions) on the stellar ensemble. This breaks
the isotropy assumption and promotes anisotropic
diffusion tensors g¢lyy, leading to biased wandering
and preferred drift in velocity space.

c) (iii) Deterministic tidal drift.: For long-
wavelength pulses relative to the typical stellar
separation, the tidal acceleration approximates a
spatially coherent drift Fow (z,t) ~ —1h;(t, z) 27,
which contributes a deterministic term to the
Langevin equation beyond the —nu frictional drag.
This deterministic forcing can shift the stationary
distribution or produce secular migration of popu-
lations.

d) (iv) Coupling to spin degrees of freedom.:
Unlike the pointlike, structureless particles assumed
in a minimal Brownian model, real stars possess
internal angular momentum (spin). The curvature-
driven precession studied earlier in this work pro-
vides an additional channel whereby GWs mediate
transfer between orbital/COM motion and inter-
nal rotation; the spin evolution couples back into
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COM dynamics through tidal coupling and GW-
mediated spin—spin interactions when local corre-
lations among neighboring stellar spins are non-
negligible.

D. Modified kinetic description

To account for the additional physics we extend
the conventional Fokker—Planck description to an
augmented Kramers equation in the extended phase
space (z,u,S). Schematically, the generalized ki-
netic equation may be written as

of

ot (40)
where Q = Qcn + Qgw is the total (possi-
bly anisotropic) velocity-space diffusion tensor and
M| f] denotes nonlocal memory operators originat-
ing from finite correlation times. The term 7Tgw|[S|
denotes the curvature-driven torque acting on the
spin distribution; when necessary this torque in-
cludes retarded spin—spin coupling kernels derived
in Sec. The explicit derivation of Eq. (40) from
microscopic encounter integrals plus externally pre-
scribed GW statistics is given in Sec. I X-F

E. Implications and practical modelling remarks

The primary practical consequence of this ex-
tension is that relaxation and transport in a GW-
pumped stellar medium can no longer be character-
ized by a single scalar relaxation time. Instead one
expects:

o Anisotropic diffusion and drift: observables
such as velocity dispersion and bulk flow ac-
quire directional dependence aligned with in-
coming GW flux.

o Non-stationary relaxation: if the pulse train is
intermittent or exhibits long coherence times,
the approach to Maxwellian-like equilibria is
modulated or delayed by the non-Markovian
forcing.

o Spin—orbit coupling effects: curvature-driven
spin precession and GW-mediated spin—spin
torques can reorganize the angular-momentum
distribution of the stellar population on re-
laxation times comparable to or shorter than
Chandrasekhar’s naive estimate, especially for
strong tidal pulses or in dense clusters.

For numerical modelling one may adopt a hybrid

strategy: treat the deterministic portion of the GW



forcing explicitly (evaluate ﬁij along particle tra-
jectories) while encoding residual pulse jitter as an
additional stochastic term with covariance estimated
from pulse statistics. The ratio R = gaw/qcn
serves as a practical diagnostic: when R 2> 1 GW
effects materially alter Brownian evolution and the
extended kinetic theory must be used. The detailed
derivations and dimensional estimates are provided

in Sec.

F. Stellar Brownian Motion in a Gravitational-
Wave Bath: Extended Formalism

Chandrasekhar’s classical description of stellar
Brownian motion models the center-of-mass (COM)
velocity u(t) of a representative star by a Langevin
equation of the form

d
d—;‘ = —qult) + A (t),

where 7 is the dynamical-friction coefficient and
Ag(t) is a rapidly fluctuating acceleration due to
many weak encounters; the latter is taken to be
zero mean and (on Chandrasekhar’s assumptions)
effectively Markovian on macroscopic timescales.
The stochastic properties of Ay, generate a velocity-
space diffusion coefficient gc, and lead to the
standard Kramers / Fokker—Planck equation for the
distribution W (u,t) (cf. [[L1]]).

We now augment Eq. (¢1) to include the influence
of an externally incident sequence of gravitational
waves arriving from the periphery of the stellar field.
At the level of the COM dynamics two separate GW
effects arise:

(41)

1) a coherent, deterministic tidal acceleration
produced by the large-scale strain field
h;j(t,x); to leading order the tidal acceler-
ation acting on the mass m of the star at
position x is

(tid)

a; " (z,t) ~ —% ﬁij(t,x) 2, (42)

and (for a spatially slowly varying h) may
be approximated by evaluation at the star’s
COM.

2) a stochastic GW forcing arising when the
sequence of pulses has random arrival times,
phases, or amplitude jitter; we denote this
contribution by Zqw(t) and attribute to it a
two-point correlation (=t (1) =5y (1)) deter-
minable from pulse statistics.
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Accordingly the extended Langevin equation for
a star’s COM velocity becomes

dul-
dt

= —nNu; + Ast,i(t) —+ FGW,i (.1', t) + EGW,i (t),

| 43)
where Fow i(z,t) = agtld) (x,t) is the deterministic
tidal drift given by (42) (or its retarded generalisa-
tion if needed), and =qw encodes residual stochas-
ticity in the pulse train.

Extended phase space and spin dynamics: To
capture spin dynamics simultaneously, we promote
the single-star distribution to the extended phase
space density
f (:E, u, S, t) ,

where S € R? denotes the star’s effective spin
vector (treated classically as in Sec. [VII). The
spin evolution (in our weak-field, nonrelativistic
approximation) follows the curvature-driven torque
law derived earlier:

dS; C . g
o i (t,x(t)) S; + CI[SIE),  (44)
where C (5) denotes GW-mediated retarded

ret
spin—spin coupling if nearby stellar spins are
dynamically relevant (see Sec. [VIII-D). The spin
equation is coupled to the COM equation by the
explicit z(¢) dependence of the local curvature.

Kramers (Fokker—Planck) equation in (x,u,S):
From the stochastic Egs. and (assum-
ing Gaussian statistics for the fluctuating parts
and invoking Ito calculus in the Markov limit for
the stellar encounters) one obtains the generalized
Fokker—Planck equation

of of 0 0 T,07
a + uzaxZ + ou, [(nu@ — FGWJ(:U, t)) f] + 8_51 [(%hzj(t, Z
B ’f i >’f
= {ch m ey ( )m + Luontocal [ f]-
(45)
Here:

e gcn 1s Chandrasekhar’s diffusion coefficient
from stellar encounters (velocity-space diffu-
sion),

o g () is the effective velocity-space diffusion
tensor induced by stochastic GW forcing,

o L onlocal denotes non-Markovian memory terms
arising when either Ay or Zgw has finite
correlation time (this term may be written as
a convolution with a memory kernel when
necessary).



Expression for the GW-induced diffusion: 1If the
stochastic GW forcing is characterized by a zero-
mean process with covariance

(Eaw.i(t) Zaw,; (1) = 5 (1. 1),

then in the white-noise (short-correlation) limit the
GW contribution to diffusion is

qgw(t) = %ng(t7 t)'

More generally, for finite correlation time 7gw the
effective diffusion entering long-time dynamics is

qg’&,ﬁ ~ é/ dr CSW(t,t—T),

(46)

which explicitly displays the non-Markovian ori-
gin of GW fluctuations. For a pulse train with
characteristic strain amplitude h and arrival rate v,
dimensional estimation gives
qgaw ~m 2v(hL)?

where L is a characteristic lever arm (e.g. the
mean interstellar separation or the stellar radius,
depending on the coupling mechanism).

Criterion for GW dominance: Compare relax-
ation (diffusion) timescales. The Chandrasekhar re-
laxation time for velocity diffusion is

2

urms

trel ~ )

qCh

whereas GW-driven modification becomes impor-
tant when gqgw is comparable to qcy,. Equivalently,
the dimensionless ratio

v(h L)?/m?

4Ch

R = qew ~
4cCh

controls whether the GW bath significantly alters
Brownian evolution. When R 2 O(1) we expect
departures from Chandrasekhar’s Markovian theory:
diffusion becomes anisotropic and non-stationary,
dynamical friction 7 is modulated by the coherent
strain field, and spin evolution is coupled through
the explicit h;; term in Eq. (43).

Remarks on nonlocality and practical modelling:

« If the incident GW sequence is highly coherent
(long correlation time), retain Lponocar and
solve the resulting integrodifferential kinetic
equation (generalized Kramers equation).
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« For practical numerics one may split the forc-
ing into (i) a deterministic pulse schedule (eval-
uvate Fow and the spin torque deterministi-
cally), and (ii) a residual stochastic part treated
via ggw estimated from pulse jitter statistics.

« Observables of interest include modifications to
the stationary velocity distribution, anisotropic
diffusion tensors, enhanced or suppressed dy-
namical friction, and systematic spin drift in-
duced by coherent pulses.

Equations (43)—(45)) thus provide the minimal,
self-consistent kinetic framework that generalizes
Chandrasekhar’s stellar Brownian theory to in-
clude both coherent and stochastic gravitational-
wave forcing, and to couple COM diffusion with
spin precession and GW-mediated spin—spin effects.
See Chandrasekhar [11]] for the classical limit recov-
ered when Fow = Zqw = 0.

X. N-PULSE INTERACTION MODEL AND AT
DEPENDENCE

To connect with earlier practical discussions, con-
sider a controlled sequence of N weak GW pulses
arriving at the spin location at times ¢,, = nAT (for
n = 0,...,N — 1). Each pulse is approximately
plane-wave in the near-zone and is described by a
strain

W () = by n(®), €l + hocn(t), €0, (4
with polarization tensors egf,)x defined in the lab
frame by the propagation direction (angles ¢,) as
in the discussions above.

Using the influence functional picture, the total
worldline kernel relevant to the spin evolution is
the superposition of contributions from each pulse.
Because the MPD spin-evolution couples to /;;, for
pulse n the driver is ﬁgl) (t) localized to the pulse
window. Thus the accumulated change in the spin
after IV pulses is, in linearized perturbation theory,

8, 35 (1), S (1),

CSSC
A Z / approx
(48)

where 7T}, is the pulse duration and S7 . (t) is
the slowly-varying leading-order spin used inside
the integral. Interference and phase relationships
between pulses (sensitive to AT and waveform
phases) determine whether successive contributions

tn+T)



add constructively or destructively; numerical inte-
gration is straightforward using the explicit matrices

e(ﬁ)x and pulse envelopes.

A. Scaling and orders of magnitude

The magnitude of AS scales generically like
O(Cssc, Aw*S, NT,/a) where A is a typical pulse
amplitude and w its characteristic frequency. For
astrophysical A ~ 1072! and microscopic spins
S ~ h, the effect is vanishingly small. However, the
sign and vector structure are precisely computable
and obey conservation laws.

XI. ANGULAR-MOMENTUM ACCOUNTING AND
CONSERVATION

Any apparent change in spin angular momentum
is compensated by fluxes in the gravitational field;
the total angular momentum of the combined system
Jiot = S+Jaw +Jotner 18 conserved. The influence-
functional derivation makes this manifest because
integrating the GW degrees of freedom produces
correlations (entanglement) and flux terms in the
GW sector; tracking the outgoing GW mode ampli-
tudes explicitly demonstrates how angular momen-
tum is carried away (or deposited into) the GW field.
A practical calculation of AJqw for a given pulse
sequence reduces to evaluating the stress-energy
(Poynting) flux of angular momentum in the far-
field GW radiation sourced by the dipole/quadrupole
moments that include spin-dependent contributions.

A. Information-theoretic remark

From the reduced-spin point of view, the mapping
from pulse parameters (amplitudes, phases, arrival
angles) to the final reduced spin state generally is
not invertible without access to the GW field; the
missing information is contained in the outgoing
GW degrees of freedom. This observation underlies
the cautionary remarks about any putative “spin-
changing rotation symmetry violation” — nothing
fundamental is violated once the field is included.

XII. CONCLUSIONS AND RECOMMENDED NEXT
STEPS

We presented a consolidated treatment of local-
ized spin interactions with weak gravitational waves

in a 3+1 / ZAMO global-time framework. The key
technical outcomes are:
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o The explicit worldline dipole source 7% (dis-
tributional, involving spatial derivatives) appro-
priate to Tulczyjew SSC.

o The construction of the influence functional
resulting from integrating out linearized GWs
and the identification of the derivative-acting
kernels that produce curvature-type coupling in
the reduced spin dynamics.

o Practical expressions for N-pulse sequences
and AT-dependent accumulation formulas
suitable for numerical integration.

Future work that we recommend includes fixing a
choice of SSC and spin normalization and deriving
the exact rational value of Cggc from a Dirac —
MPD semiclassical reduction; computing explicit
angular-momentum fluxes for chosen pulse families;
and performing numerical experiments that include
finite-size gradient effects and ZAMO frame-drag
corrections. Additionally, we also recommend look-
ing at the near-field of the spin-wave interaction
along the lines of Keller’s Quantum Theory of Near-
Field Electrodynamics in future work.
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APPENDIX
A: EXTENDED INTRODUCTION

The canonical statement that rotations act as sym-
metry transformations of isolated quantum systems
— implying that [J2, R(7, ¢)] = 0 — assumes the
rotation operation is implemented by a symmetry of
the entire system. When a subsystem (the spin) is
driven by a dynamical classical or quantum field that
itself carries angular momentum, that assumption no
longer holds for the subsystem alone. The present
work is motivated by clarifying this distinction in
a precise physical model: a localized spin (quan-
tum or classical) interacting with a sequence of
weak gravitational-wave bursts that in aggregate can
transfer angular momentum into the spin degree of
freedom.

The physical mechanism is compactly stated.
Each short GW burst acts as a small time-dependent
local Lorentz transformation on the tangent space



of the worldline; in a local Fermi frame this trans-
formation appears as a small SU(2) rotation (a
“wobble”) of the spin. If successive wobble axes
are rotated (in the transverse plane) relative to
each other the non-commutativity of SU(2) implies
a second-order correction orthogonal to the wob-
ble plane, producing an effective rotation about
the spin axis. This picture is equivalent to the
Baker—Campbell-Hausdorff (BCH) expansion for a
product of small rotations and is closely related to
holonomy effects on the Bloch sphere.

We emphasize that the total angular momen-
tum of the complete system (spin + gravitational
field) is strictly conserved. The gravitational field
is the reservoir that provides the required angular-
momentum exchange, and the reduced-spin dynam-
ics reflect only the subsystem’s share of that ex-
change. From a measurement-theoretic perspective,
the outgoing gravitational radiation carries informa-
tion about the interaction history between pulses
and thus can serve as a measurement channel in
principle.

B: MPD DERIVATION AND WORLDLINE SOURCE
ALGEBRA

We sketch the algebraic steps that convert the dis-
tributional Dixon stress-energy (3)) into the explicit
worldline source (6) and show how a choice of SSC
modifies prefactors.

Starting from (3) substitute into (4) and inte-
grate over spacetime coordinates using the delta-
distribution. The monopole term yields the standard
coupling of mass/current to hgo and hy; components,
while the divergence term produces a surface term
and the interior coupling to aahWSa(“u”). Rep-
resenting the resulting expression in a form that
pairs h;; with a distribution at the worldline requires
moving derivatives from A onto the delta; explicitly,
for purely spatial indices,

/d4x,Qkhij(x),Sk(iuj)5(4)(x—z(r)) = —/d%,hij(im(j?éf;gm%g%@jg .

This identity establishes (6). Keep in mind that 0y
acts on spatial arguments; after integrating over spa-
tial coordinates and evaluating at the worldline, the
physical coupling to h;; is obtained by integrating
79 (x,t) against h;;(t,%).
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SSC dependence and the prefactor Cssc
The MPD equations
DSH
DTt

Dpt

Dy = —%R“ * Vaﬁu”Sa'B,

_ Zp[“uz’]

(49)

require an SSC to fix the centroid z#(7). Different
SSCs yield different algebraic relations between
p* and u* at O(S). Performing the nonrelativistic
reduction to obtain the 3-vector equation for dsS;/dr
produces an SSC-dependent factor; carrying this
factor through the dr — dt conversion yields C *
SSC in (IT)). For example, with the Tulczyjew SSC
and using the canonical normalization S; = %&ijj k
the algebra yields Cssc = 1 under one set of sign
conventions, and 1/2 under another common con-
vention; these choices reflect whether one defines
the spin vector with 1/2 prefactor or with a different
normalization in the underlying Dirac reduction. We
therefore recommend the numerical exploration use
C as a tunable O(1) multiplier and then, if desired,
fix it by committing to a specific SSC/normalization
path.

C: INFLUENCE FUNCTIONAL KERNEL AND GW
GREEN’S FUNCTIONS

In this section we provide the explicit structure of
the influence functional (16) in terms of Green’s
functions evaluated in the chosen gauge and frame.
For linearized gravity in TT gauge, the free ac-
tion for the transverse-traceless components hJ;"
is quadratic and the corresponding propagator in
asymptotically flat spacetime is the usual massless
spin-2 Green’s function. The worldline derivatives
in 7% act as spatial derivatives on the propagator;
denote the retarded propagator by Gi5Y, (¢, x;t',x').
The kernel entering the closed-time-path in-
fluence functional is built from combinations
of retarded/advanced and Hadamard (symmetric)
Green’s functions. For example, the Feynman/in-in
ing the \deterministic part of the
ed dynami S s 7—@alisal convolution with the
retarded propagator:

/ dt', 0,0 G™t % 1,17 (t,0: ', 0), S*E (1) SF O (¢).

Working at the worldline we only need the coinci-
dent spatial evaluation x = x’ = 0, but must retain



time-nonlocality because of retarded propagation.
For a plane-wave pulse in the near-zone the prop-
agator reduces effectively to local-in-space kernels
and the time integrals simplify to convolution with
h*ij(t), reproducing the MPD form. The noise ker-
nel (Hadamard function) determines the symmetric
part of the influence functional and encodes the GW
quantum noise experienced by the spin.

D: DISTRIBUTED MEASUREMENT KERNELS
(CAVES ADAPTATION)

We adopt Caves’ resolution-amplitude formalism
for time-distributed measurements. For measure-
ment label ¢ centered at t, with causal window of
width b, define the measured functional

tq
VilS. = [ e, o), FIS(). h(0)
tq_bq

with window function w,(t) normalized appropri-
ately and F' a linear or nonlinear functional of
the instantaneous fields (e.g., a particular GW-
mode projection or a local spin observable averaged
against a meter field). The resolution amplitude
Y, (y,—Y,) models imprecision; for Gaussian meters
Y,(A) = exp[~A%/(202)].

Inserting these kernels into and integrating
out the GW degrees of freedom produces effective
measurement kernels Y, that depend both on the
choice of mode-channel being monitored and on
the accessible outgoing GW observables. When the
GW itself serves as the meter (i.e., we detect the
outgoing mode amplitude), Y, is directly obtained
by conditioning the Gaussian path integral to the
observed mode amplitude and has the Gaussian
form with the integrand determined by the
influence-functional kernel.

E: N=5 EXAMPLE AND NUMERICAL RECIPE

We specify a concrete numerical recipe that im-
plements the MPD/influence-functional informed
evolution used previously, but now with the exact
derivative-based source.

a) Geometry and polarization matrices: Let
the lab axes be (x,y, z) with the spin at the origin
and pointing along z initially. Let N = 5 waves
each propagate in the y—2z plane at angles ¢,, to the
z axis; define propagation vectors

N, = (0, sin ¢, cos ¢y, ),

16

and transverse unit vectors

U, = é, = (1,0,0), Uy, = Ny XU,
The lab-frame polarization matrices for wave n are

then

(egf)) i = (T @ @y — Dy @ Op) %17, (€7 % ij
(50)
b) Pulse model: Each pulse n has h. ,(t) =
A, fo(t —t,,) cos(wy (t —t,) + a,) and similarly for
h . Here f, is the envelope (e.g., Gaussian or one-
cycle window), t, = nAT is the arrival time and
hase. The relevant driver for the MPD torque

(t) computed from these functions.
c ) Numerical integration of reduced dynamics:
1. Choose a (lapse), Cssc, and initial spin S(0) =
SoZz. 2 For each time step, assemble h;;(t) =
>om h” (t) using polarization matrices. 3. Compute
dS;/dt = —(Cssc/2a), hi;(t)S7 (or the more com-
plete influence-functional-derived deterministic part
which includes temporal convolution). 4. Integrate
using a stable integrator (e.g., RK4) for the required
time window. 5. Extract AS after the last pulse;
repeat for different A7’ to map interference patterns.
This recipe directly uses the derivative-based
source and is consistent with the action-based
derivations above.

1sh

F: ANGULAR-MOMENTUM FLUX CALCULATION

To compute the compensating A.Jgw associated
with spin change, evaluate the angular-momentum
flux carried by outgoing gravitational radiation. The
angular-momentum flux density in linearized gravity
is determined from the Landau—Lifshitz pseudoten-
sor or from the Noether currents associated with
spatial rotations applied to the quadratic GW action.
For TT radiation fields in the far zone, the instanta-
neous angular-momentum flux per unit solid angle
can be written (schematically) as

d*J; ;AdE)

dtdS? dt’
with dE}y/dt the momentum flux density (quadratic
in hy,,). For the dipole-like spin-dependent contri-
butions, extract the cross-terms between the spin-
sourced radiation piece and the background pulse
fields to obtain the net flux and integrate over time

and angles to obtain AJgw. The sign and magnitude
will match —AJg,;, by conservation.

~ €ijk, T

= (0, cos ¢y, —

sin ¢, ).

= (i1, ®



G: DISCUSSION AND FUTURE DIRECTIONS

We summarize key limitations: (i) the MPD/pole—
dipole truncation neglects finite-size quadrupole
moments that may be important for extended bod-
ies; (i1) Tulczyjew SSC choice fixes prefactors but
alternative SSCs produce O(1) changes; (iii) the
influence-functional expansion assumes weak cou-
pling (linearized gravity), which is appropriate for
the small-A contexts of interest but must be revisited
near strong-field sources. Future directions include
semiclassical Dirac — MPD reductions to fix Csgc,
inclusion of shift and frame-dragging terms in the
3+1 Lie-derivative formalism, and targeted numer-
ical experiments that vary pulse phase, amplitude
and AT to illustrate interference and information-
carrying capacity of outgoing GWs.
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