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Chapter 1

Introduction

In this dissertation, we examine the node of Ranvier and electrodynamics near the node. In this 

context we recall the statement by Paul A. M. Dirac who said, in Lectures on Quantum Mechanics, 

that, “...one would like to take into account the possibility that Maxwell’s equations are not accu-

rately valid. When one goes to distances very close to the charges that are producing the fields, 

one may have to modify Maxwell’s field theory so as to make it into a non-linear electrodynamics.” 

Thus we focus on the quantum theory of near field electrodynamics and apply it to the vicinity of 

the node of Ranvier. This node is then modelled in MATLAB. Several such nodes combine with 

internodes to form an axon and several such axons combine to form nerve bundles. Finally, we 

simulate the overall ephaptic-dynamical properties of a nerve bundle. We begin our modeling at 

the ion channel level.

Then, in the theory section (Chapters 3 through 6), we will present results on the functional 

significance of the ephaptic interaction, the performance of the neuronal-Poisson channel and the 

error exponent of the additive White Gaussian noise channel.
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Chapter 3

Ephaptic Communication

3.1 Information Theoretic Analysis

3.1.1 Introduction

The ephaptic interaction between axons is an interesting systemic phenomenon. In ephaptic cou-

pling, action potentials (impulses) on adjacent axons get coupled to each other such that their

velocities of propagation become synchronized at zero (primarily, but also other possible stable

points) relative separation between the impulses. The functional role of such synchronization has

remained somewhat of a mystery. To quote Scott [39]

. . . it is interesting to consider whether such groups of [synchronized] impulses might

play functional roles on the fiber bundles of motor nerves, sensory nerves, . . .

In this chapter we are able to present a very simple information theoretic analysis which shows that

if independent stimuli are presented to two adjacent ephaptically interacting axons with differing

conduction velocities, then the output at the ends of these axons is precisely the stimulus with the

greater entropy or surprise.

We rely on the concept of temporal coding of information in a neuron wherein information is encoded

in the precise time at which an impulse is received at the output of an axon. Note that in this

paper we will use entropy interchangeably with surprise-value or surprise.

9



10 CHAPTER 3. EPHAPTIC COMMUNICATION

3.1.2 Prior work

The most recent work on ephaptic coupling is [1] where they state that increasing the applied

extracellular field increased the phase locking of spikes to the field in a group of 25 neurons. The

analysis in this paper is for 2 neurons, but the principles are easily generalized to any number of

ephaptically coupled neurons. The conclusion that ephaptic coupling is a mechanism for selecting

and conveying to the downstream destination neurons a random variable with the largest of the

input random variable surprise-values is unchanged. Other relevant works include [29, 36, 2].

3.1.3 Entropic Analysis of Ephaptic Coupling

Consider an impulse traveling down an axon. The time of arrival of the impulse at the end or

terminal of the axon is a random variable which takes on values in a continuous but bounded subset

of the real numbers. The range of this set depends on the length of the axon, the conduction velocity

and the range of possible impulse onset times. Thus given impulses traveling on two adjacent axons,

we view them as carrying information in the precise time at which they will arrive at the ends of

their individual axonal paths. If these were two electrically separated (ephaptically non-interacting)

axons, we obtain two random variables, call them X and Y at their outputs. Here the value of X

is the time of arrival at the first axon’s output and the value of Y is that for the second. Thus,

X P rt1, t2s and Y P rt3, t4s.

Now let us introduce the element of ephaptic interaction between the two axons. As elucidated in

Scott [39], Chapter 8, regardless of the underlying model, impulses traveling with differing velocities

on adjacent coupled fibers undergo a process of change in velocities where the slower one catches

up and the faster one slows down until they travel together at exactly the same velocity, with 0 or

other relative spacing between the impulses.

If we analyze this in terms of what is happening to the temporally coded information carried by the

two pulses, we immediately see that the information is being modified since the potential time of

arrival is changing due to the ephaptic interaction. How exactly is it being modified? Well, that is

simple. Since time “ distance
speed

, the time of arrival of the slower pulse is getting earlier, while that of

the faster pulse is getting later until they equate at the point tsync “
d

w1v1`w2v2
where d is the distance

they travel ’together’. Assume that the impulses synchronize fairly rapidly so that the majority

of the time that they travel, they travel together and d is approximately the length of the axon.
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Suppose v1 ą v2 and tsync P rt1 “
d
v1
, t2 “

d
v2
s. Then tsync can be written as tsync “ λ1t1` p1´ λ1qt2

since rt1, t2s is a convex set. Here λ1 is a constant that depends on d, v1, v2, w1, w2 “ 1´ w1.

Furthermore, redundant information is being created since the times of arrival of synchronized

pulses on the two coupled axons’ ends are the same. So a natural question is: what could be the

purpose of synchronization and redundancy creation?

We will come back to this question. For the moment consider two random variables X and Y ,

where X is independent of Y . It can be shown [11] that if Z “ X ` Y then HpZq ě HpXq and

HpZq ě HpY q whereH stands for the Shannon entropy. Consequently, HpZq ě maxtHpXq, HpY qu.

The equality holds if X “ fpZq and Y “ gpZq where f, g are two deterministic functions.

Now if X represents the time of arrival of the first pulse and Y represents that of the second pulse

were they not ephaptically coupled, then we can create a new random variable Z which will represent

the time of arrival of the coupled pulses. Then, following the representation of tsync derived earlier,

Z “ λ1X ` λ2Y (3.1)

where λ2 “ 1 ´ λ1. Define new random variables X 1 “ λ1X and Y 1 “ λ2Y . Then they are still

independent since λ1 is a constant. And so

Z “ X 1
` Y 1 (3.2)

Note that still, HpX 1q “ HpXq and HpY 1q “ HpY q. By the result from [11] Exercise 2.14 alluded

to above, we can state that

HpZq ě maxtHpX 1
q, HpY 1qu (3.3)

This equation is the central equation of this paper from which we will draw all our conclusions.

Here Z represents the synchronized time of arrival random variable.

3.1.4 Consequences

The main consequence of equation (3.3) is that at the output of the two axons is delivered a new

random variable Z whose surprise or entropy is greater than or equal to the larger of the two surprises

that would be conveyed by the ephaptically non-interacting axons. Thus ephaptic coupling acts as

an entropy amplifier or at the very least, a greater entropy selector. It delivers at the destinations

copies of a new random variable (Z) whose surprise-value is at least as large as the larger of the

two surprise-values that were input into the system.
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Coming back to the question we asked, it is now clear that synchronization and redundancy creation

are serving to magnify (convey to more downstream destinations) the greater of the two surprises

that were input into the system. This has relevance to the mechanism by which an organism pays

more attention to the more information bearing of two stimuli presented to it. Even higher up in

the cortical organization, the organism will pay more attention to the more information bearing of

two choices. While the random variable at the ouptut is neither of the input random variables, its

surprise value is characterized as above.

This indicates that it is the surprise value of stimulus presented to a neuron that is fundamental

in what matters to the neuron, rather than the precise random variable that bears that surprise.

Thus ephaptic coupling has illuminated for us the mechanism of all choosing or selecting activity

in the mammalian nervous system, where one stimulus (or event or memory or image) is preferred

over another. It suggests that we simply choose that which is conveying more information to us

and store it up (or further process it) in a representation such as Z above.

Now it is a central result in information theory that if the entropy of a source is less than the capacity

of a channel over which it is intended to be communicated, then it can be communicated effectively.

Thus if the larger of the two surprise values is lower than the capacity of the downstream channel

over which it is to be transmitted, then that channel can accomodate this information. Organisms

with larger capacity nervous systems are therefore able to exploit the presence of this entropy

selector to choose higher-entropy stimuli and store, internally transport and process them.



Chapter 4

Burnashev’s Converse for the AWGN

channel

Information theory involves the study of channels and their capacities and reliabilities with and

without feedback. The most widely studied channel is the Additive White Gaussian Noise (AWGN)

channel. Here we consider a continuous time AWGN channel with perfect feedback. This channel is

connected to Brownian motion via a stochastic equation [21]. We consider data transmission over

this channel. The decoder makes the decisions as to when to stop decoding. This is known as the

random transmission time setting introduced first in 1976 [5]. The codes that arise in this setting

are variable length codes in continuous time. For these codes, we follow [4] in proving a sequence

of results that converge in an upper bound to the expected decoding time for communication over

this channel.

The continuous time AWGN channel is discussed in [16]. The same channel with feedback was

first considered in [37] and later studied in [38]. Burnashev [5] studied the reliability function

of a discrete memoryless channel with perfect feedback. The reliability function of a continuous

time infinite bandwidth AWGN channel with noisy feedback was studied in [9]. That work can be

made systemic if we consider the noise in the forward and feedback links to be correlated instead

of independent. However, this will not be pursued in this thesis due to time limitations. In this

chapter we consider the Burnashev converse, but a simplified version [4], and in continuous time

for the AWGN channel.

The main assumptions on the channel are peak and average power constraints and right-continuity

13
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of sample paths of the input. Another pervading assumption is that the filtration to which the

ouptut is adapted satisfies the usual conditions, defined in the text. The Encoder must also satisfy

a certain strong condition called Nack-continuity, defined in the text. Finally, a technical condition

on the output measure (see footnote 1) must hold.

This paper is structured as follows. In section 1 we present a review of the probability concepts

and results that will be used in the paper and also introduce the notation. In section 2 we review

the channel model being studied. In section 3 we begin proving a sequence of results that lead to

the converse over this channel. Finally we conclude in section 4.

4.1 Preliminaries and Background

We first need a bit of notation and probability background that will set the stage for studying the

continuous time AWGN channel with perfect feedback.

4.1.1 Notation and Probability Review

Let Ω be a set, called the sample space. Let F be a set of some subsets of Ω, the measurable subsets.

F is called the sigma algebra. Now we define a map P : Ω Ñ r0, 1s, called the probability measure

which assigns weights or probabilities to elements of F . This triple pΩ,F ,Pq is called a probability

triple or a probability space. It is the fundamental object in probability theory. Associated with a

probability space, we have random variables, which are measurable maps [8] from the sample space

Ω to the real line R.

For the study of the continuous time AWGN channel we will need to be able to study continuous

time stochastic processes. A definition is in order [41].

Definition (Continuous Time Stochastic Process) A continuous time stochastic process txptq : t P

Tu is a collection xptq “ xpt, ωq of random variables defined on some probability space pΩ,F ,Pq

indexed by t P T, where T is a finite or infinite interval in R, and ω P Ω.

The central issue with continuous time stochastic processes as defined above, is that certain events

may not be measurable because T is uncountable. To get around this problem, one puts the

probability measure directly on the space of functions that represent the realization of the stochastic

process, instead of on the sample space associated with each xptq .
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With this definition of stochastic processes in continuous time, we are now in a position to briefly

present martingales in continuous time. This will lead to the all-important Doob’s optional stopping

time theorem for continuous time martingales. Again, a few definitions are in order, following [41].

Definition (Filtration) Let pΩ,Fq be a space with a σ´field. A family tFt : t ě 0u of sub-σ-fields

of F is called a filtration if Fs Ă Ft if s ď t.

If Ω is the space of functions discussed in the preceding paragraph, defined on T Ă R`, it comes

with a natural filtration Ft “ σtxpsq : s ď tu, where σ stands for the ‘smallest σ´field generated

by’.

Definition (Martingale) Given a probability space pΩ,F ,Pq and a filtration Ft Ă F indexed by

t ě 0, a family xptq “ xpt, ωq of random variables is called a martingale relative to pΩ,F ,Pq if the

following are true.

• For almost all ω, xpt, ωq has left and right limits at every t and is continuous from the right,

i.e., xpt, ωq “ xpt` 0, ωq.

• For each t ě 0, xptq is Ft measurable and integrable.

• For 0 ď s ď t,

Erxptq|Fss “ xpsq a.e. (4.1)

If the process xptq satisfies

Erxptq|Fss ě xpsq a.e. (4.2)

then it is called a submartingale and if the above inequality is reversed it is called a supermartingale.

Next we define stopping times in continuous time and their associated σ´fields.

Definition (Stopping Time) A stopping time for the filtration tFtu is a random variable τpωq :

Ω Ñ r0,`8s that satisfies for every t ě 0,

Et “ tω : τpωq ď tu P Ft (4.3)

Definition (Corresponding σ´field) Given a stopping time τ , the corresponding σ´field Ft is

defined as consisting of those sets A P F that satisfy for each t ě 0,

AX tω : τpωq ď tu P Ft (4.4)
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To study mutual information in the white Gaussian setting we will need another definition and

related theorem.

Definition (Absolute continuity) Let µ and ν be probability measures on a measurable space

pX,BpXqq. We say that µ is absolutely continuous with respect to ν, i.e., µ ă ν, if µpAq “ 0 for

every A P BpXq such that νpAq “ 0.

Theorem 4.1.1 (Radon-Nikodym) The Radon-Nikodym theorem states that, µ ă ν ñ D a ν´integrable

function φpxq such that

µpAq “

ż

A

φpxqdνpxq, @A P BpXq. (4.5)

The function φpxq is called the Radon-Nikodym derivative and is written in the form

φpxq “
dµ

dν
pxq. (4.6)

4.1.2 Some more background

Here we state a few useful results from Karatzas and Shreve [28].

Given a stochastic process, the simplest choice of a filtration is that generated by the process itself,

i.e.,

FXt “ σpXs; 0 ď s ď tq,

the smallest σ´field with respect to which Xs is measurable for every s P r0, ts. We interpret

A P FXt to mean that by time t, an observer of X knows whether or not A has occured.

Let tFt; t ě 0u be a filtration. We define

Ft´ fi σp
ď

săt

Fsq

to be the σ´field of events strictly prior to t ą 0 and

Ft` fi
č

εą0

Ft`ε

to be the σ´field of events immediately after t ě 0. We decree

F0´ fi F0

and say that the filtration tFtu is right- (left-) continuous if Ft “ Ft` (respectively Ft “ Ft´q holds

for every t ě 0. Similarly, we call a sample path RCLL if it is right-continuous on r0,8q with finite
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left-hand limits on p0,8q. A stochastic process X is adapted to the filtration tFtu if, for each t ě 0,

Xt is an Ft-measurable random variable. A useful definition:

Definition (Usual Conditions) A filtration tFtu is said to satisfy the usual conditions if it is right-

continuous and F0 contains all the P´negligible events in F .

Now we are in a position to state Doob’s optional sampling theorem for continuous time martingales.

Theorem 4.1.2 (Optional Sampling Theorem) Let tXt,Ft; 0 ď t ă 8u be a right-continuous sub-

martingale with a last element X8, and let S ď T be two optional times of the filtration tFtu. We

have

EpXT |Fs`q ě Xs a.s. P. (4.7)

If S is a stopping time, then Fs can replace Fs` above. In particular, EXT ě EX0, and for a

martingale with a last element we have EXT “ EX0.

Finally, we need this theorem from [28].

Theorem 4.1.3 Let X “ tXt,Ft; 0 ď t ă 8u be a submartingale, and assume the filtration tFtu

satisfies the usual conditions. Then the process X has a right-continuous modification if and only

if the function t ÞÑ EXt from r0,8q to R is right-continuous. If this right-continuous modification

exists, it can be chosen so as to be RCLL and adapted to tFtu, hence a submartingale with respect

to tFtu.

For futher background material on stochastic processes, the reader is referred to [3] and for stochastic

filtering to the development in [26, 43, 23].

4.2 The Channel

4.2.1 The Channel Model

In this section we define the continuous time AWGN channel with feedback and discuss its proper-

ties, following [21]. The channel input is decided by an encoder. Thus,

Xt “ ftpξ, Y
t´

0 q (4.8)
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where ξ P Ξ is the particular message being transmitted and Y t´
0 represents the causal (ideal)

feedback from the output of the channel to the encoder. At any instant t, the encoder could choose

to input any length signal (from null to a finite duration signal) into the channel, depending on the

feedback. This makes the channel input variable in length.

The decoder is a map Dp¨q : Z Ñ W where Z is the receiver observation space until the decoding

time T . Since the channel inputs are variable in length, the output space also consists of variable

length signals. In addition, the decoding time T is a stopping time with respect to the receiver obser-

vation Y t. The decision to stop decoding is made by the decoder based on the output observations

so far. This adds another cause of variability in the length of the ouptut signals.

The forward channel is an AWGN channel in continuous time with perfect feedback. It adds a

white Gaussian noise νptq to the input xptq. The channel can be written as:

yptq “ xptq ` νptq, t P T (4.9)

If we integrate (4.9) we get,

Y ptq “

ż t

0

xpuqdu`Bptq, t ě 0. (4.10)

This equation can be considered as a mathematical model of a white Gaussian channel [21] where

Bptq is Brownian motion. In [21] the author also specifies that the channel must satisfy the following

four conditions.

1. tνptq : t P Tu is a Gaussian process.

2. The message ξ is independent of the noize νptq.

3. The channel input xptq satisfies (4.8).

4. The stochastic equation (4.9) has a unique solution Y “ tY ptq : t P Tu.

4.2.2 The Power Constraints

In this subsection we introduce the power constraints that will be imposed on the channel. The

first is an average power constraint which says that:

1

T

ż T

0

Er|xptq|2sdt ă Pav (4.11)
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for Pav ă 8.

The second is a peak power constraint which says that:

0 ď |xptq| ď Ppeak (4.12)

where Ppeak ă 8.

4.2.3 Probabilistic Framework for Analyzing the AWGN channel with

Perfect Feedback

There are fundamentally two sources of randomness in a communication problem over a channel

with additive noise and perfect feedback: (i) the randomness associated with which message is input

into the system and (ii) the randomness associated with which noise stochastic process is input into

the system.

Let us denote by W the sample space associated with the messages and by Ω the sample space

associated with the noise stochastic process νptq. Then the overall sample space for the experiment of

using the channel isWˆΩ. The source of randomness is thus the message generated on pW , 2Wq and

the noise stochastic process generated on pΩ,Fq. The combined space would be pWˆΩ, 2WˆF ,Pq.

Having defined notation, background and the channel, we now present a converse for the reliability

function of this channel in terms of a lower bound on the expected decoding time.

4.3 The Converse

4.3.1 Binary Hypothesis Testing with Feedback in Continuous Time

The first proposition

In this section we will prove the first proposition from [4], for the continuous time AWGN channel

with perfect feedback.

Proposition 4.3.1 For any binary hypothesis testing scheme for a continuous time channel with

feedback and right-continuous sample paths of the output,

DpPA||PNq ď C1ErT |As (4.13)
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where T is the decision stopping time, ErT s ă 8, and ErT |As denotes the expectation of T con-

ditioned on hypothesis A. A requirement is that the probability distribution on the output signals

given either hypothesis A or N must be mutually absolutely continuous and under the N hypothesis,

the output process must be continuous in probability.

We discuss the first of the two requirements. In the proof of Theorem 6.2.1 in [21], the author

concludes that µY |ξ is absolutely continuous with respect to µB. This would hold for both ξ “ A and

ξ “ N . If we assume1 that µB is absolutely continuous with respect to µY |ξ“N , then by transitivity

of absolute continuity, µY |ξ“A ă µY |ξ“N . The condition on the input signal for this to hold can be

stated as
ż T

0

Er|xptq|2|ξsdt ă 8, with probability 1. (4.14)

which is satisfied if the average power constraint (4.11) is met.

The second of the two requirements is that under the N hypothesis, the output process must be

continuous in probability at every time t P T. This is the only strong assumption in this paper,

going beyond right-continuity 2. Formally it can be stated as the requirement that for every ε ą 0,

lim
sÑt

PNptω P Ω||Yspωq ´ Ytpωq| ě εuq “ 0. (4.15)

This imposes the condition that under the N hypothesis, the encoder must input a process that is

essentially continuous in probability. Together with the continuity of Brownian motion, this would

guarantee that the output process is also continuous in probability. We call this the Nack-continuity

assumption on the Encoder.

Proof An important fact to keep in mind is that all the stochastic processes under consideration

have right-continuous sample paths. This is because the Brownian process underlying the Gaussian

noise process is a continuous process and the encoder is assumed to be such that the channel input

process is right-continuous. This inturn guarantees right-continuity of the output.

Since the main issue is the move from a discrete set of time points to a continuum, the key fact

that we will need is the following theorem by Striebel [40]. Other references for relevant notation

and model set up include [25], [24] and [15].

1We don’t believe that this is a strong assumption since absolute continuity is not an anti-symmetric relation.
2Right-continuity only guarantees that the output process is right-continuous in probability.
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Theorem 4.3.2 (Striebel’s Theorem) Let tX pT q,A, P u and tX pT q,A, Qu be two stochastic pro-

cesses such that P is absolutely continuous with respect to Q over A and the Q process is continuous

in probability. Then for any set D “ pt1, t2, ¨ ¨ ¨ q dense in T , the derivatives dP8{dQ8 and dP {dQ

coincide a.s. Q.

We move to the continuum case in two steps. We begin by recalling the discrete definition of Vn

from [4]:

Vn “ ln
PApY1, . . . , Ynq

PNpY1, . . . , Ynq
. (4.16)

The motivation for the above equation is a likelihood ratio test. We draw a parallel between the

Radon-Nikodym derivative and the likelihood ratio based on [15]. Now let

VD “ ln
PApYt1 , Yt2 , . . . , Yt8q

PNpYt1 , Yt2 , . . . , Yt8q
(4.17)

where D “ tt1, t2, . . .u is dense in T. Then VD coincides with

Vt “ ln
PApY

t
0 q

PNpY t
0 q

(4.18)

as per Theorem (4.3.2) above. This equation holds with probability 1, as per the theorem. Now we

rewrite Vt as

Vt “ ln
PApYr0,tsq

PNpYr0,tsq
. (4.19)

We want

Vt “

ż t

0

Usds (4.20)

for some Us. Consider,
ÿ

D

ln
PApYt|Yr0,tqq

PNpYt|Yr0,tqq
“ ln

PApYr0,t8sq

PNpYr0,t8sq
(4.21)

where
ř

D is a countably infinite sum over D. This follows by Theorem 8.2 in Chapter 1 of [14].

But the right hand side of the above equation coincides with

ln
PApYr0,tsq

PNpYr0,tsq
“ Vt (4.22)

with probability 1, as per Theorem (4.3.2). So we let

Us “ ln
PApYs|Yr0,sqq

PNpYs|Yr0,sqq
(4.23)
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Then
ÿ

D

Us “ Vt. (4.24)

Now consider

ErUs|Ack, ys´0 s “ Erln
fApys|y

s´
0 q

fNpys|y
s´
0 q
|Ack, ys´0 s (4.25)

“

ż

ysPR“Y
fApys|y

s´
0 q ln

fApys|y
s´
0 q

fNpys|y
s´
0 q

dys

“

ż

R
fApys|A, y

s´
0 q ln

fApys|A, y
s´
0 q

fNpys|N, y
s´
0 q

dys

“

ż

R
fApys|x

A
s “ fspA, y

s´
0 qq ¨

ln
fApys|x

A
s “ fspA, y

s´
0 qq

fNpys|xNs “ fspN, y
s´
0 qq

dys

The channel is given by:

yptq “ xptq ` νptq. (4.26)

and suppose νptq is distributed as N p0, 1q. Then we get:

yAs “ xAs ` νs (4.27)

yNs “ xNs ` νs

where s P T is the time subscript. Therefore yAs is distributed as N pxAs , 1q. Similarly, yNs is

distributed as N pxNs , 1q. Thus,

fApys|x
A
s q “

1
?

2π
e
´pys´x

A
s q

2

2 (4.28)

and similarly

fNpys|x
N
s q “

1
?

2π
e
´pys´x

N
s q

2

2 (4.29)

and so we get

ErUs|Ack, ys´0 s “

ż

R
fApys|x

A
s “ fspA, y

s´
0 qq ¨

ln
fApys|x

A
s “ fspA, y

s´
0 qq

fNpys|xNs “ fspN, y
s´
0 qq

dys

“
1
?

2π

ż

R
e
´pys´x

A
s q

2

2 ln
e
´pys´x

A
s q

2

2

e
´pys´x

N
s q

2

2

dys
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If we define C1 for this channel as

C1 “ max
x,x1PR

ż

R
fpy|xq ln

fpy|xq

fpy|x1q
dy (4.30)

and if C1 ă 8 then

ErUs|Ack, ys´0 s “

ż

R
fApys|x

A
s “ fspA, y

s´
0 qq ¨

ln
fApys|x

A
s “ fspA, y

s´
0 qq

fNpys|xNs “ fspN, y
s´
0 qq

dys

ď C1

Here ftp¨, ¨q is the encoder function at time t. Consequently, by applying (4.24), tVt ´ tC1u is a

supermartingale under hypothesis A. We note that the requirement of finitude of C1 imposes a

peak power constraint on the channel inputs.

Now we will use Theorem (4.1.2) in its supermartingale form. The main condition to check is that

tVt ´ tC1,Ft; 0 ď t ă 8u is a right-continuous supermartingale. Since the output of the channel is

right-continuous (by right continuity assumption on channel inputs; see also page 230 in [21]) and

Vt is determined by the output3, the supermartingale under consideration is right-continuous and

satisfies the Theorem (4.1.2) requirements. We can therefore apply Theorem (4.1.2) to conclude

that ErVT ´ C1T |As ď ErV0s. But V0 “ ln fApY0q
fN pY0q

. Now fA, fN are positive functions that map

R ÞÑ r0, 1s and ln is strictly increasing (monotonic) on the positive reals. Moreover, ln evaluates to

a negative value on p0, 1q. Therefore the expectation ErV0s is non-positive. Thus we conclude,

ErVT ´ C1T |As ď 0. (4.31)

This completes the proof of the first proposition.

The first lemma

The first lemma from [4] goes through in the continuous time setting without any changes. This

is because the definition of the sets S and S̄ does not change in the continuous time setting. We

state the lemma below for convenience.

3As defined in (4.18), Vt is a right continuous process. This is proved in Appendix 1.
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Lemma 4.3.3 The error probability of a binary hypothesis test performed across a continuous time

AWGN channel with feedback and variable-length codes is lower bounded by

Pe ě
mintpA, pNu

4
e´C1ErT s (4.32)

where pA and pN are the a priori probabilities for the hypotheses.

4.3.2 Expected Decoding Time and Channel Capacity in Continuous

Time

Let the output process Y ptq be adapted to the filtration tFtu. Then by definition, for each t ě 0, Yt

is an Ft´measurable random variable. Moreover, the filtration specifies all the available information

at any given time. To be specific, we let Ft be the filtration generated by the output process. Thus

Ft “ σpYs : 0 ď s ď tq. (4.33)

Similarly, we let Gt be the filtration generated by the channel input process tXptq, t ě 0u. Thus

Gt “ σpXs : 0 ď s ď tq. (4.34)

The purpose of this filtering formulation is to estimate the message based on Ft.

Let

πtp¨q ” Ppw P ¨|Ftq (4.35)

be the regular conditional probability distribution of the message w given Ft 4. That is, πt is a map

from 2W ˆ Ω to r0, 1s such that [43]

1. For any ω P Ω, πtp¨, ωq is a probability measure on W .

2. For any A P 2W , πtpA, ¨q is a Ft-measurable random variable, and

3. For any A P 2W , we have

πtpA, ωq “ Ppw P A|Ftqpωq, a.s. ω. (4.36)

4We assume that this regular conditional probability exists since the spaces involved are standard [18].
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Fix the time t. Then, let

pmax “ max
wPW

πtptwuq (4.37)

be the maximum a posteriori probability. Once this maximization is performed and the corre-

sponding maximizing w is chosen, the conditional (conditioned on Ft) probability of error is given

by

PepFtq “ 1´ pmax. (4.38)

The expectation of (4.38) with respect to the probability measure P is the unconditional probability

of error

Pe “ ErPepFtqs. (4.39)

For any fixed δ ą 0, we can define a stopping time τ as the first time that the error probability

goes below δ, if this happens before T , and as T , otherwise. Thus,

τ “ inftt : pPepFtq ď δq or pt “ T qu. (4.40)

If PepFτ q exceeds δ, then we are certain that τ “ T , and PepFtq ą δ for all 0 ď t ď T , so the

event PepFτ q ą δ is included in the event PepFT q ą δ. (We have inclusion instead of equality since

PepFτ q ď δ does not exclude PepFT q ą δ. [4]) Thus,

PrtPepFτ q ą δu ď PrtPepFT q ą δu ď
Pe
δ

(4.41)

where the second inequality is an application of Markov’s inequality.

Given a particular realization yr0,ts we will denote the entropy of the regular conditional probability

(4.35) (see also [18], section 7.2) πtp¨q as HpW |Ftq. Then, by point (2) in the definition of regular

conditional probability, HpW |Ftq is a random variable and ErHpW |Ftqs fi HpW |Yr0,tsq. Here the

expectation is with respect to the probability measure on Ft.

If PepFτ q ď δ ď 1
2
, then from Fano’s inequality it follows that

HpW |Fτ q ď hbpδq ` δ lnM. (4.42)
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The expected value of HpW |Fτ q can be bounded as follows:

ErHpW |Fτ qs “ ErHpW |Fτ q|PepFτ q ď δsPrtPepFτ q ď δu

` ErHpW |Fτ q|PepFτ q ą δsPrtPepFτ q ą δu

ď phbpδq ` δ lnMqPrtPepFτ q ď δu

` plnMqPrtPepYτ q ą δqu

ď hbpδq ` pδ `
Pe
δ
q lnM.

Just as Yt is an Ft-measurable random variable, we define Yt´ to be a Ft´-measurable random

variable, both on the same space pW ˆ Ω, 2W ˆ F ,Pq. We note that Ft´ Ă Ft. Thus Y t´
0 carries

less “information” than Y t
0 . Similarly we define Xt´ to be a Gt´-measurable random variable.

Along the same lines as HpW |Ftq, we can also define HpW |Ft´q with respect to the corresponding

regular conditional probability πt´p¨q. We define ErHpW |Ft´qs fi HpW |Yr0,t´qq. Now we will prove

the following lemma:

Lemma 4.3.4 For any 0 ă δ ď 1
2
,

Erτ s ě
1

C
plnMp1´ δ ´

Pe
δ
q ´ hbpδqq. (4.43)

Proof Consider

ErHpW |Ft´q ´HpW |Ftq|Ft´s “ ErHpW |Ft´q|Ft´s

´ ErHpW |Ftq|Ft´s

fi HpW |Yr0,t´q,Ft´q

´ HpW |Yr0,ts,Ft´q

fi IpW ;Yt|Ft´q
paq

ď IpXt;Yt|Ft´q
pbq

ď C

where the conditional mutual information is normally defined (as the divergence between two con-

ditional probability measures) (see [21], equation (1.6.6)) and (a) follows from the data processing
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inequality and the fact that given Xt, the random variable Yt is independent of the message W when

the feedback Y t´
0 is known. (b) follows since C is obtained by maximizing the mutual information.

Note: The finitude of C is required for this inequality to be useful. This inturn imposes an average

power constraint on the channel input.

The last inequality says that tHpW |Ft´q` tCu is a submartingale. This follows from Lemma 2.68.2

in [8] (ascribed to Doob). We note that t´ “ t “ t` since t is a continuous function of t.

Now we will apply Doob’s optional sampling theorem (4.1.2) to this submartingale. We need

to ensure that the submartingale is right-continuous. As shown in Appendix 2, Theorem (4.1.3)

implies that this submartingale has a right continuous modification which is a submartingale with

respect to the same filtration. Therefore, in what follows we replace the original submartingale

tHpW |Ft´q ` tCu by the right-continuous modification tHpW |Ftq ` tCu.

Clearly, Erτ s ď ErT s ă 8. Then, by the theorem (4.1.2), we conclude that at time τ , the expected

value of the modified submartingale must be above the initial value lnM . Hence [4],

lnM “ HpW |F0q ď ErHpW |Fτ q ` τCs (4.44)

“ ErHpW |Fτ qs ` Erτ sC

ď hbpδq ` pδ `
Pe
δ
q lnM ` Erτ sC.

Solving for Erτ s yields

Erτ s ě
1

C
plnMp1´ δ ´

Pe
δ
q ´ hbpδqq. (4.45)

This concludes the proof of the lemma.

4.3.3 Burnashev’s Lower Bound in Continuous Time

The goal for this section is to combine the Lemmas (4.3.3) and (4.3.4) in order to obtain a bound

on the overall expected decoding time.

Proposition 2 in [4] goes through without any change from the discrete to the continuous setting.

The only change is the replacement of conditional probabilities by regular conditional probabilities.

We have:
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Proposition 4.3.5 If C1 ă 8

λπpw|Ft´q ď πpw|Ftq ď
πpw|Ft´q

λ
. (4.46)

where λ “ inf
x,y
fpy|xq. λ ą 0 since there is a peak power constraint (4.12). This then gives a

minimum transition probability such that fpy|xq ě λ for all x, y.

Now we are in a position to state the main result of this paper.

Theorem 4.3.6 The expected decoding time T of a variable-length block code for a peak and average

power constrained continuous time AWGN channel used with feedback satisfying the assumptions of

right-continuity of sample paths and Nack-continuity of the Encoder is lower-bounded by

ErT s ě

ˆ

1´ δ ´
Pe
δ

˙

lnM

C
`
´ lnPe
C1

´
hbpδq

C
`

lnpλδq ´ ln 4

C1

(4.47)

where M is the cardinality of the message set, Pe the error probability, λ “ min
xPR,yPR

fpy|xq, and δ is

any number satisfying 0 ă δ ď 1
2
.

Proof The following initial portion of the proof closely follows section 5 of [4] since the arguments

are nearly identical. The objective is to lower-bound the probability of error of a decoder that

decides at time T . The key idea is that a binary hypothesis decision such as deciding whether or

not W lies in some set G can be made at least as reliably as a decision on the value of W itself.

Given a set G of messages, consider deciding between W P G and W R G in the following way:

given access to the original decoder’s estimate Ŵ , declare that W P G if Ŵ P G, and declare W R G

otherwise. This binary decision is always correct when the original decoder’s estimate Ŵ is correct.

Hence, the probability of error of this (not necessarily optimal) binary decision rule cannot exceed

the probability of error of the original decoder, for any set G. Thus, the error probability of the

optimal decoder deciding at time T whether or not W P G is a lower bound to the error probability

of any decoder that decodes W itself at time T . This fact is true even if the set G is chosen at

a particualr stopping time τ and the error probabilities we are calculating are conditioned on the

observation Y τ or the sub-σ-field Fτ .

For every realization of Y τ , the message set can be divided into two parts, GpFτ q and its complement

WzGpFτ q, in such a way that both parts have an a posteriori probability greater than λδ. The

rest of this paragraph describes how this is possible. From the definition of τ , at time τ´ the

a posteriori probability of every message is smaller than 1 ´ δ. This implies that the sum of
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the a posteriori probabilities of any set of M ´ 1 messages is greater than δ at time τ´, and

by Proposition (4.3.5), greater than λδ at time τ . In particular, PepFτ q ě λδ. We separately

consider the cases PepFτ q ď δ and PepFτ q ą δ. In the first case, PepFτ q ď δ, let GpFτ q be the set

consisting of only the message with the highest a posteriori probability at time τ . The a posteriori

probability of GpFτ q then satisfies PrtGpFτ qu ě 1´δ ě 1{2 ě λδ. As argued above, its complement

(the remaining M ´ 1 messages) also has a posteriori probability greater than λδ, thus for this

GpFτ q, πtGpFτ q|Fτu P rλδ, 1 ´ λδs. In the second case, namely when PepFτ q ą δ, the a posteriori

probability of each message is smaller than 1 ´ δ. In this case, the set GpFτ q may be formed

by starting with the empty set and adding messages in arbitrary order until the threshold δ{2 is

exceeded. This ensures that the a priori probability of GpFτ q is greater than λδ. Notice that the

threshold will be exceeded by at most 1´δ, thus the complement set has an a posteriori probability

of at least δ{2 ą λδ. Thus, πtGpFτ q|Fτu P rλδ, 1´ λδs.

For any realization of Y τ we have the binary hypothesis testing problem, running from τ until T ,

deciding whether or not W P GpY τ q. Notice that the a priori probabilities of the two hypotheses of

this binary hypothesis testing problem are the a posteriori probabilities of GpFτ q and WzGpFτ q at

time τ each of which is shown to be greater than λδ in the preceding paragraph. We apply Lemma

(4.3.3) with A “ GpFτ q and N “ WzGpFτ q to lower-bound the probability of error of the binary

decision made at time T and, as argued above, we use the result to lower-bound the probability

that Ŵ ‰ W . Initially, everything is conditioned on the channel output up to time τ ; thus

πtŴ pFT q ‰ W |Fτu ě
λδ

4
e´C1ErT´τ |Fτ s. (4.48)

Taking the expectation of the above expression over all realizations of Y τ yields the unconditional

probability of error

Pe “ ErπtŴ pFT q ‰ W |Fτus (4.49)

ě Er
λδ

4
e´C1ErT´τ |Fτ ss.

Using the convexity of e´x and Jensen’s inequality, we obtain

Pe ě
λδ

4
e´C1ErT´τ s. (4.50)
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Solving for ErT ´ τ s yields

ErT ´ τ s ě
´ lnPe ´ ln 4` lnpλδq

C1

. (4.51)

Combining Lemma (4.3.4) and (4.51) yields the result of the theorem.

4.4 Conclusion

In this chapter we derived a lower bound (4.47) on the expected decoding time of any communication

scheme over a power constrained continuous time Additive White Gaussian Noise channel with

perfect feedback satisfying the assumptions of right continuous sample paths and Nack-continuity

of the Encoder as well as a technical condition on the output measure. By the use of Striebel’s

theorem, a lemma of Doob and regular conditional probability, and related results for continuous

time submartingales, we were able to extend the discrete time results of [4] to the continuous time

setting, obtaining exact counterparts to the discrete results. This is an important first step. The

next step, being presently undertaken, is to study achievability schemes over this communication

channel and determine an upper bound on the expected decoding time. The togetherness of the

bounds will be crucial in determining the reliability gap.

Appendix 1: Right Continuity of Vt

We have (4.18):

Vt “ ln
PApY

t
0 q

PNpY t
0 q

We must show

lim
sÓt
Vs “ Vt (4.52)
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Consider the Left Hand Side,

lim
sÓt
Vs “ lim

sÓt
ln
PApY

s
0 q

PNpY s
0 q

(4.53)

paq
“ ln

lim
sÓt
PApY

s
0 q

lim
sÓt
PNpY s

0 q

pbq
“ ln

PAp
Ş

sąttY
s

0 “ ys0uq

PNp
Ş

sąttY
s

0 “ ys0uq

pcq
“ ln

PAptY
t`

0 “ yt`0 uq

PNptY
t`

0 “ yt`0 uq

pdq
“ ln

PAptY
t

0 “ yt0uq

PNptY t
0 “ yt0uq

“ Vt

where (a) follows because ln is a continuous function on the positive reals, (b) follows since we are

considering the limit of a decreasing sequence of events, (c) follows by definition of Ft` and (d)

follows by right continuity of the output sample paths.

Appendix 2: Application of Theorem (4.1.3)

We must first show that tHpW |Ft´q ` tCu is a right continuous process. This follows by right

continuity of the regular conditional probability πt´p¨q, a proof that follows along similar lines

to Appendix 1 and is therefore omitted. Also needed are continuity of ln, and the Dominated

Convergence Theorem.

Once this is established, Theorem (4.1.3) can be used. We primarily need to show that the function

l : t ÞÑ ErHpW |Ft´qs “ HpW |Yr0,tqq is right continuous. Since HpW |Fs´q is bounded by lnM , this

follows by the Bounded Convergence Theorem. Thus the conclusions of Theorem (4.1.3) follow. In

particular, a right continuous modification exists which is a submartingale with respect to the same

filtration. This modification is nothing but tHpW |Ftq ` tCu.
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Chapter 5

The noisy feedback Poisson noise channel

5.1 Introduction

Neuronal information theory is a relatively new field of study. It involves looking at neuronal

channels as information and communication systems and treating their capacities and reliabilities

just as we would treat the capacity and reliability of a non-biological channel. A step in this

direction was taken in [22], where the authors studied the (Shannon) capacity of a single neuron.

We consider a neuronal forward channel used in conjunction with a feedback neuronal channel. The

goal is to determine a bound on the reliability function of this communication system. We parallel

the work done in [34] and [10], specializing to the neuronal case. If the noise in the forward and

feedback Poisson channel are considered to be correlated, then this becomes a systemic information

theoretic study. However due to time and space limitations, this will not be pursued in this thesis.

There exists prior work on the Poission channel (which is a model for the neuronal channel, as we

discuss in the next section) with noiseless feedback [30]. However, it appears that there has been

no work on the reliability function of neuronal channels with neuronal or noisy feedback, which we

address here.

This paper is structured as follows. In Section 2, we describe the neuronal communication model and

the communication system. In Section 3, we present an outline of the code used for communication.

In Section 4, we analyse the total probability of error of each stage of the code. In Section 5,

we bound the expected decoding time of the messages transmitted and, finally, in Section 6, we

compute a bound on the reliability function of the communication system. We then conclude in

33
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Section 7.

5.2 The Neuronal Model and the Communication System

5.2.1 The Neuronal Model

Neuronal communication takes place in one of two possible modes: a mode called rate coding [27]

and a mode called temporal coding [13]. In rate coding, which we will exclusively focus on in this

paper, a time window is set, and the number of spikes in the interval (the rate) is determined [22].

Let R denote the rate and ∆ denote the interval.

For the rate coding model, the authors in [22] establish that in a certain parameter regime (κ “ 1),

the neuronal channel behaves as a Poisson channel where the channel input is a parameter θ and

the channel output is the rate R. This channel is shown to be governed by the following probability

distribution:

ppr|θ; 1,∆q “

ˆ

∆

θ

˙r
e´∆{θ

r!
(5.1)

where r is a value taken on by the stochastic variable R.

Note that although θ is the channel input, it is nevertheless just a parameter. In fact, θ “ ErT s

where T is the inter-spike interval (ISI) and Er¨s denotes expected value.

We immediately seek to establish a comparison with the Poisson (direct detection photon) channel

from [32]. That channel is governed by the transition probability density function:

Pr tvpt` τq ´ vptq “ ju “
e´ΛΛj

j!
, where j “ 0, 1, 2, . . . (5.2)

where

Λ “

ż t`τ

t

λpt1qdt1, (5.3)

0 ď τ, t ă 8 (5.4)

and

0 ď λptq ď A (5.5)
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Figure 5.1: The communication system under consideration. The forward Poisson channel is assisted

by the presence of a feedback Poisson channel. This situation also models a neuronal feedback

system.

is the channel input wave form, defined on 0 ď t ă T where A is the peak power. Here τ is the

width of the region of integration for Λ1. Also, we have an average power constraint on λptq:

1

T

ż T

0

λptqdt ď σA. (5.6)

There is a correspondence between Λ in (5.2) and ∆
θ

in (5.1). We note that the larger Λ is, the

larger is the mean value of the size of the jump in vptq, which equals the number of spikes in the

interval of width τ , and the smaller is the expected ISI, ∆ being held constant. This makes intuitive

sense: the more the number of spikes in a window, the shorter the average inter spike spacing.

Having noted this correspondence between the two channels (neuronal and Poisson), we will now

exclusively focus on the direct detection photon (Poisson) channel. Reliability results obtained for

the latter channel will thereby give an idea of how well or poorly the neuronal channel can perform

in terms of reliability. The reliability is related to the rate at which the probability of error goes to

zero with block length or decoding time and is therefore an important performance metric for any

channel.

5.2.2 The Communication System Based on the Neuronal Model

The communication system that we will consider is illustrated in Figure 1. It consists of a message

queue holding classical M -ary messages, an encoder, a decoder and the two Poisson channels: one

forward and one feedback.
1Note that we have set the dark current to 0 throughout this paper.
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1. Channel 1 is a forward Poisson channel. In this channel the input is one of M possible

waveforms λmptq where 1 ď m ďM and the output is an independent increments process vptq

determined by (5.2).

2. Channel 2 is a feedback Poisson channel. In this channel the input is one of M possible

waveforms γmptq, 1 ď m ď M , and the output is an independent increments process wptq

determined by (5.2) with λptq and vptq replaced by γptq and wptq respectively.

The above model is understood to be an approximation to a neuronal feedback system. For example,

the independent increments process assumption, may, in reality, not hold.

5.3 A Possible Coding Strategy over the Neuronal Channel

The coding strategy over the neuronal feedback system will consist of two phases each, for the

encoder and the decoder. At the outset we specify the following notation: T1 is the duration of

signals used by the encoder in Phase 1 to transmit messages over the forward channel. T2 is the

duration of signals used by the decoder in Phase 1 to transmit messages over the feedback channel.

T3 is the duration of signals used by the encoder in Phase 2 to transmit messages over the forward

channel, and finally, T is the duration of signals used by the decoder in Phase 2 to transmit messages

over the feedback channel2. Let us now begin by describing the encoder’s phase one transmission

scheme.

5.3.1 Phase 1 Encoder

The encoder receives an M -ary message from the queue. It sends this message over the forward

Poisson channel using one of M possible waveforms λmptq, each of duration T1 seconds. The

waveforms are selected from the Wyner code construction [42].

5.3.2 Phase 1 Decoder

The decoder receives the channel output waveform vptq and performs maximum likelihood detection

on it. This detection scheme is discussed in [42]. The probability of error obtained in the absence

2T is used instead of T4 in order to distinguish the anytime code that will be used in this stage.
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of dark current satisfies [42]:

´
1

T1

lnPe ě Aq ´ Aqp1`ρq ´ ρR. (5.7)

for R ě 0, R “ lnM
T1

is the operating data rate in nats per second, q P r0, σs and ρ P r0, 1s and T1

sufficiently large.

The decoder must tell the encoder which waveform it received. It does this by sending the decoded

message back over the feedback Poisson channel using an identification code [7].

5.3.3 Phase 2 Encoder

The encoder receives the feedback waveform wptq and performs identification oriented decoding to

take advantage of the fact that it knows which message to look for or “identify” [7]. The maximum

probability of error obtained is bounded by

Pe2 ď δ max t1{2, lnp2{δqu “ δ lnp2{δq (5.8)

where 1{2 ą δ ą 0 for the case of no dark current. Now ε ă δ and δ “ 2
eεAT2

. Thus we get

Pe2 ď 2εAT2e
´εAT2 (5.9)

where 1{2 ą δ ą ε ą 0. Thus,

´
lnPe2
T2

ě ´
lnp2εAT2q

T2

` εA (5.10)

The first term vanishes with large T2. So the exponent is asymptotically lower bounded by εA

where A is the peak power of the signal. This is intuitive: the greater the peak power, the larger

the reliability function.

The encoder uses this information to send a confirm/deny signal to the decoder. It does this using

a signal set of size 2, again from the Wyner [42] construction, consisting of two signals λ1ptq and

λ2ptq, each of duration T3 seconds.

5.3.4 Phase 2 Decoder

The decoder receives this binary message and performs binary maximum likelikhood decoding,

obtaining an error probability given by

Pe3 “ e´T3Aq. (5.11)
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This is because in the case of M “ 2 messages, an error occurs iff there are 0 arrivals in the non-zero

region of the transmitted waveform.

Depending on whether it decodes to a confirm or deny, the decoder keeps or discards the message

received in Phase 1. It must now inform the encoder of what it did. It does this by transmitting

one bit of state information using an anytime code [35].

The probability of error when the encoder decodes this anytime bit is given by (see Appendix):

Pe4 ď K 1e´dTPav (5.12)

where d is the delay of the anytime bit being decoded, T is the duration of each signal on the

anytime tree and Pav is the average power of each of the anytime signals. Note that for this stage

of the communication process, we assume that the peak power constraint on the feedback channel

is relaxed and only an average power constraint exists. This is necessary for the anytime code

construction.

5.4 Total Probability of Error of the Coding Strategy

An error in transmission can occur in one of the following ways [10].

1. The encoder sends the wrong message. This happens when the anytime bit is decoded incor-

rectly. The corresponding probability of error is Pe4 ď K 1e´dTPav .

2. The encoder sends a confirm when it should have sent a deny. This happens due to identifi-

cation error, which happens with probability Pe2 ď 2εA2T2e
´εA2T2 . A2 is the amplitude of the

identification signals.

3. The encoder sends a deny, but it is decoded as a confirm. This happens with probability

Pe3 “ e´T3A3q3 . A3 is the amplitude of the binary detection scheme signals. Here q3 “
1
2
.

The total error probability P is bounded by the Union Bound.

P ď Pe4 ` Pe2 ` Pe3. (5.13)

By choosing parameters wisely, we can equate all three exponents to the third one. For the param-

eters of the scheme, we obtain

T2 “
A3T3q3

εA2

(5.14)
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and

d “
T3A3q3

TPav
(5.15)

This yields

´ lnP « ´ lnpK 1
` 2εA2T2 ` 1q ` T3A3q3 (5.16)

Ignoring the sublinear (in T2) term, we can write,

´ lnP « T3A3q3. (5.17)

5.5 Expected Decoding Time of the Coding Strategy

The following are the cases in which a retransmission of a message is required [10]:

1. The message sent by the encoder is decoded incorrectly. This happens with probability Pe.

This can be made small by increasing T1.

2. A confirm sent by the encoder is decoded as a deny. This happens with probability Pe3. This

can be made small by increasing T3.

The probability that a message will be retransmitted is ď Pe`Pe3; therefore, a transmitted message

is accepted with probability ě 1´ Pe ´ Pe3. The possible message acceptance times are

pT1 ` T2 ` T3q, (5.18)

pd` 1qpT1 ` T2 ` T3q,

2pd` 1qpT1 ` T2 ` T3q, . . .

See Figure 2-1 in [10] for a timeline.

Thus, the expected duration for a message to be successfully transmitted τ̄ is upper bounded by

τ̄ ď pT1 ` T2 ` T3q

ˆ

1`
pPe ` Pe3q

p1´ Pe3 ´ Peq
pd` 1q

˙

(5.19)

« T1 ` T3

ˆ

1`
A3q3

A2ε

˙
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5.6 The Reliability Function of the Coding Strategy: A

Lower Bound

The reliability function is obtained from the expected decoding time (6.6) and total probability of

error (6.5). It is given by ´ logP divided by expected decoding time τ̄ .

We begin with the bound on τ̄ (6.6).

τ̄ ď T1 ` T3

ˆ

1`
A3q3

A2ε

˙

(5.20)

Next we will use the following facts:

T1 “
log2M

R1

(5.21)

and

T3 «
´ lnP

A3q3

(5.22)

Plugging (5.21) and (5.22) into (5.20) we obtain

τ̄ Æ
log2M

R1

` p´
lnP

A3q3

q

ˆ

1`
A3q3

εA2

˙

(5.23)

1 Æ
R̄

R1

`
EfeedbackpR̄q

A3q3

ˆ

1`
A3q3

εA2

˙

where R̄ “ log2M
τ̄

is the average rate of communication of the feedback scheme and EfeedbackpR̄q “

´ lnP
τ̄

is the reliability function of the scheme at the rate point R̄. By rearranging we obtain,

EfeedbackpR̄q Ç

ˆ

1

εA2

`
2

A3

˙´1 ˆ

1´
R̄

R1

˙

(5.24)

where R1 ď Cforward. Here εA2 « PID has an interpretation as the average power used by each of

the identification signals and A3 «
2sCforward

q˚p1´q˚q
where Cforward is the capacity of the forward Poisson

channel, sÑ 8 and q˚ “ mintσforward,
1
2
u, σforward representing the average power constraint on the

forward Poisson channel.

The expression (5.24) is the reliability function of the Poisson communication system which models

the corresponding neuronal communication system. Since the given scheme achieves this reliability

function, this becomes a bar for what the neuronal system can achieve given its particular capacity

and average power constraint.
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5.7 Conclusion

We have modelled a neuronal communication channel as a direct detection photon (Poisson) channel,

following [22]. Using two such channels, one as forward and the second as the feedback channel,

we examined a communication scheme over this pair of channels. We determined a lower bound on

the reliability function of this scheme. The scheme may or may not be optimal, but in either case,

this exponent provides a fiducial point for what neuronal feedback systems can achieve in terms of

the reliability function. Future studies will involve more realistic neuronal channel models and find

ways of computing the reliability functions for those models. The no dark current assumption can

also be relaxed.

Appendix: The Anytime Reliability Function of the Poisson

Channel

Wyner [42] provides a code construction which is optimal for achieving the exact error exponent

of the Poisson channel. It turns out that for the parameter choice of k “ 1, this code construction

yields Pulse Position Modulation. Thus PPM is a special case of the Wyner code. The probability

of decoding error for PPM over the Poisson channel is easily computed to be:

Pe ď e´TPav (5.25)

where Pav is the average power of each of the PPM signals and T is the signalling duration. This

therefore yields the exponent Pav.

Now we look at the anytime tree (see also [10]), with PPM signals, each of duration T seconds

on each branch. Since, once the bits on the tree differ, the remaining bit sequences have disjoint

supports, and the Poisson channel has disjoint intervals being independent, the signal duration of

relevance is pd` 1qT (see also [35]). Since the derivation in [35] involves only the Union bound and

the fact of disjoint supports between the true waveform and any of the false waveforms, we have

that [35]:

PrpB̂i ‰ Bi at delay d |Bi´1
1 is knownq ď e´pd`1qTPav`d ln 2 (5.26)
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For large T , we ignore the second d ln 2 term in the exponent in what follows. We obtain,

PrpB̂i ‰ Bi at delay dq ď

i´1
ÿ

j“0

PrpB̂i´j ‰ Bi´j (5.27)

at delay d+j |Bi´1´j
1 knownq

ď

i´1
ÿ

j“0

e´pd`1`jqTPav

ă p

8
ÿ

j“0

e´pj`1qTPavqe´dTPav

“

„

e´TPav

1´ e´TPav



e´dTPav

The term in parentheses on the last line is a constant for a given signal set; call it K 1. Then

the anytime reliability function of a Poisson channel under PPM or Wyner (k “ 1) coding and

maximum likelihood decoding is given precisely by EapRq “ Pav. Notably, it depends neither on

bit position i nor on delay d. This completes the derivation of (5.12).



Chapter 6

Quantum Feedback Reliability Function

To be added: A cloner on the receiver side which can make low fidelity clones of the received state,

use one for decoding and one for feedback transmission. Also, entanglement shared between sender

and receiver. How these two modifications impact the reliability function.

6.1 Introduction

Quantum communication theory is a new field which is developing rapidly. A major inspiration for

quantum communication and information theory is classical information theory. A popular means

for getting advances in the quantum domain is to consider the results in the classical domain and

try to port them to the quantum setting. In this chapter we will attempt to do a similar thing.

We consider a quantum pure-state forward channel used in conjunction with a feedback quantum

pure-state channel. The feedback channel is aided by a classical one-way infinite bandwidth additive

white gaussian noise channel. The goal is to determine the reliability function of this communication

system. We parallel the work done in [34] and [10]. Note that if we consider shared entanglement

between the transmitter and receiver, this would become a systemic study.

In section 2 we describe the communication system. In section 3 we setup the code used for

communication. In section 4 we analyse the total probability of error of each stage of the code. In

section 5 we bound the expected decoding time of the messages transmitted and finally in section

6 we compute the reliability function of the scheme. We then conclude in section 7.

Prior work on the quantum reliability function includes the important work of Jane Liu [31] and

43
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Figure 6.1: The communication system under consideration. The classical Gaussian noise channel

allows for synchronization between Encoder and Decoder.

the recent works of M. V. Burnashev [6] and A. S. Holevo [20]. None of these authors consider

feedback while computing the reliability function of the communication system.

6.2 The Communication System

The communication system consists of a message queue holding classical binary messages, an En-

coder, a Decoder and three channels.

1. Channel 1 is a forward pure state quantum channel. In this channel the input is one of two

pure states of some quantum system and the output is the same pure state.

2. Channel 2 is a feedback pure state quantum channel. In this channel also the input is one of

two pure states of a different quantum system and the output is the same pure state.

3. Channel 3 is a feedback infinite bandwidth additive white gaussian noise channel. In this

channel the input is a signal of duration of one channel use of the above two channels, carrying
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anytime bit information and the output is also a signal of duration of one channel use though

corrupted by Gaussian noise.

6.3 The Code

6.3.1 Phase 1 Encoder

The Encoder receives a binary message from the queue. It sends this message over the forward

quantum channel using one of two pure states.

6.3.2 Phase 1 Decoder

The decoder receives these pure states and performs a binary decision test between these states.

The average probability of error obtained is given by [19]

Pe “
1

2
r1´ r1´ 4χ0χ1| ă ψ1|ψ0 ą |

2
s
1
2 s (6.1)

The Decoder must tell the Encoder which state it received. It does this by sending the same state

as it receives back over the quantum pure-state feedback channel.

6.3.3 Phase 2 Encoder

The Encoder receives these pure states and performs a binary decision test between them. The

average probability of error obtained is again given by

Pe “
1

2
r1´ r1´ 4χ0χ1| ă ψ1|ψ0 ą |

2
s
1
2 s (6.2)

The Encoder uses this information to send a Confirm/Deny signal to the Decoder. It does this

using once again another set of pure states |ψ2 ą and |ψ3 ą.

6.3.4 Phase 2 Decoder

The decoder receives this binary message and performs a binary pure state decision test on it,

obtaining an average probability of error given by
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Pe2 “
1

2
r1´ r1´ 4χ2χ3| ă ψ2|ψ3 ą |

2
s
1
2 s (6.3)

Depending on whether it decodes to a Confirm or Deny, the Decoder keeps or discards the message

received in Phase 1. It must now inform the Encoder of what it did. It does this by transmitting

one bit of state information using an anytime code. This is done over an auxiliary feedback channel

which is an infinite bandwidth AWGN channel.

The probability of error when the Encoder decodes this anytime bit is given by

Pe3 ď K2´WEorthpR
1
qT (6.4)

where Eorth is the standard orthogonal signalling error exponent [17], T is the signalling duration

corresponding to single channel use on the quantum cahnnels and R
1

“ 1
T

is the consequent anytime

code rate. W is the number of messages transmitted before any one of them could possibly be

retransmitted. The code has a tree structure as depicted in [10].

6.4 Total Probability of Error

An error in transmission can occur in one of the following ways [10].

1. The Encoder sends the wrong message. This happens when the anytime bit is decoded

incorrectly. The corresponding probability of error is Pe3 ď K2´WEorthpR
1
qT .

2. The Encoder sends a Confirm when it should have sent a Deny. This happens with probability

Pe “
1
2
r1´ r1´ 4χ0χ1| ă ψ1|ψ0 ą |

2s
1
2 s.

3. The Encoder sends a Deny but it is decoded as a Confirm. This happens with probability

Pe2 “
1
2
r1´ r1´ 4χ2χ3| ă ψ2|ψ3 ą |

2s
1
2 s.

The total error probability P is bounded by the Union Bound.

P ď Pe ` Pe2 ` Pe3 (6.5)

“
1

2
r1´ r1´ 4χ0χ1| ă ψ1|ψ0 ą |

2
s
1
2 s `

1

2
r1´ r1´ 4χ2χ3| ă ψ2|ψ3 ą |

2
s
1
2 s `K2´WEorthpR

1
qT
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6.5 Expected Decoding Time

The following are the cases in which a retransmission of a message is required:

1. The message sent by the Encoder is decoded incorrectly. This happens with probability Pe.

2. A Confirm sent by the Encoder is decoded as a Deny. This happens with probability Pe2.

The probability that a message will be retransmitted is ď Pe ` Pe2. Therefore a transmitted

message is accepted with probability ě 1 ´ Pe ´ Pe2. The possible message acceptance times are

pT ` T ` T q, pW ` 1qpT ` T ` T q, 2pW ` 1qpT ` T ` T q, i.e. 3T, 3T pW ` 1q, 6T pW ` 1q, . . . etc.

Thus the expected duration for a message to be successfully transmitted τ̄ is upper bounded by

3T

ˆ

1`
pPe ` Pe2q

p1´ Pe2 ´ Peq
pW ` 1q

˙

(6.6)

6.6 The Reliability Function: A Lower Bound

The reliability function is obtained from the expected decoding time (6.6) and total probability of

error (6.5). It is given by ´ logP divided by expected decoding time.

We first compute the base 2 exponents of the probabilities of error Pe and Pe2. Consider

Pe “
1

2
r1´ r1´ 4χ0χ1| ă ψ1|ψ0 ą |

2
s
1
2 s

. Assume that the prior probabilities on the two states are 1
2

each. Then

Pe “
1

2
r1´ r1´ | ă ψ1|ψ0 ą |

2
s
1
2 s

. Thus,

´ log2 Pe “ 1´ log2p1´
a

1´ | ă ψ1|ψ0 ą |
2q

. Using the fact

log2p1` xq “
1

ln 2
r´x´

x2

2
´
x3

3
´
x4

4
´ ¨ ¨ ¨ s

, for x P t´1, 1u we get

´ log2 Pe “ 1`
1

ln 2
r
a

1´ | ă ψ1|ψ0 ą |
2`
p1´ | ă ψ1|ψ0 ą |

2q

2
`
p1´ | ă ψ1|ψ0 ą |

2q
3
2

3
`¨ ¨ ¨ s (6.7)
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Here | ă ψ1|ψ0 ą |
2 P t0, 1u. Therefore x P t0, 1u. Thus we can ignore x2 and higher powers thereby

obtaining the expression

´ log2 Pe “ 1`
1

ln 2

a

1´ | ă ψ1|ψ0 ą |
2 ` sublinear terms (6.8)

. Thus

Pe « 2´p1`
1

ln 2

?
1´|ăψ1|ψ0ą|2q

and

Pe2 « 2´p1`
1

ln 2

?
1´|ăψ2|ψ3ą|2q (6.9)

and we have from (6.4)

Pe3 ď K2´WEorthp
1
T
qT

.

We can choose parameters such that all the three above exponents are equal to the first one. This

implies that the overlap between |ψ0 ą and |ψ1 ą must be the same as that between |ψ2 ą and

|ψ3 ą and also that

W “
1` 1

ln 2

a

1´ | ă ψ1|ψ0 ą |
2

Eorthp
1
T
qT

.

Thus for the overall probability of error P we have

´ log2 P “ 1`
1

ln 2
r
a

1´ | ă ψ1|ψ0 ą |
2s (6.10)

We note in (6.6) that Pe and Pe2 can be made arbitrarily small. Thus we get

τ̄ ď 3T (6.11)

ă
3

R

where R is the nominal rate in bits per second of communication over a pure-state quantum channel.

This gives us an expression for the reliability function:

EpR̄q ą R

˜

1` 1
ln 2
r
a

1´ | ă ψ1|ψ0 ą |
2s

3

¸

(6.12)

The bound is tightened when R is maximized. Here we note that classically viewed, the quantum

pure-state channel is just a Binary Symmetric Channel with parameter Pe. Thus CBSC “ 1´hbpPeq
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bits per channel use is the classical capacity of the quantum channel alone, where hbp¨q is the binary

entropy function [12]. We get,

EpR̄q ą CBSC

˜

1` 1
ln 2
r
a

1´ | ă ψ1|ψ0 ą |
2s

3

¸

(6.13)

6.7 Conclusion

We have analysed a quantum communication channel used with a feedback quantum communication

channel and an auxiliary feedback classical infinite bandwidth additive white gaussian noise channel

and derived a lower bound on the reliability function of this system when used for communicating

classical bits. We have restricted ourselves to a pure state quantum channel. In future we hope to

consider a mixed state channel as well as attempt the case of multiple possibilities for each message

instead of just a binary scheme. The latter is an open problem since there is no closed form

expression known for the probability of error for multiple hypothesis testing quantum problems

when there is an arbitrary assignment of costs [19]. We also hope to replace the two feedback

channels with a single quantum channel.

Note: The above work was done independently (not while affiliated with any university or company).
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Chapter 7

Conclusion and Future Work

Ephaptic communication is a systemic study; entanglement is a systemic concept; Gaussian commu-

nication with pre-shared randomness and correlations between sender and receiver may be systemic;

similarly also Poisson communication with pre-shared correlations. Gaussian communication with

correlations between the forward and feedback paths (in noise) is definitely systemic. So is Poisson

communication with correlations between the forward and feedback path noise. We can study the

reliability and the channel capacity in this context.

Systemic information is thus an information theoretic study of the system as a whole rather than of

individual parts. This is a sort of global or spread-out information 1. If the system is broken down

into its parts, then this information (theory) becomes meaningless.

It is not a step between point to point and network information theory. Rather it is a concept

that is orthogonal to the network concept which is simply a generalization of the point-to-point

concept. One could also view the point to point and network scenarios as an unsystemic limit of

systemic information theory. There is no systemic information in a network unless we are talking

of a quantum network with entangled nodes, or a classical network with correlated noises in the

links, or a neuronal network with massive ephaptic cross-talk. Systemic information theory is the

study of system-wide information theoretic effects and properties.

We can also study information exchange between synchronizing systems.

We need some general mathematical properties of systemic information such as systemic capacity

or a systemic index which measures the systemic-ness of the system. It would ideally quantify how

1It hints at the presence of a field of information.
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much the systemic-ness adds to the capacity. For example it could be the difference between the

capacity/reliability when the system is systemic versus when it is not, when there are correlations

versus when there are not, when there is ephaptic communication versus when there is not, when

there is quantum entanglement versus when there is not, when there is forward and feedback

quantum correlation versus when there is not.

A useful quantity would be the systemic information gain defined as the difference between the

systemic capacity and the non-systemic capacity. Similarly, the systemic reliability gain would be

the difference between the systemic reliability and the non-systemic reliability.

There could also be a tripartite or multipartite ‘mutual’ information as a generalization of mutual

information which is always bipartite. This could be related to systemic information. It could even

be a tool for “network” information. The right way to study networks.

Define the tripartite systemic information as follows:

SpX;Y ;Zq “ IpX;Y q ´ IpX;Y |Zq (7.1)

“ IpX;Zq ´ IpX;Z|Y q

“ IpY ;Zq ´ IpY ;Z|Xq

Similarly define the 4-partite systemic information as follows:

SpX;Y ;Z;W q “ SpX;Y ;Zq ´ SpX;Y ;Z|W q (7.2)

The definitions are certainly symmetric. We must look for an operational meaning of systemic

information. Is it the maximum rate at which you can ’spread’ (or diffuse) information between

three (or four or more) parties? It might be an upper bound to the capacity of any network

containing three (or four or more) parties.

It turns out this concept was called ‘interaction information’ and has been known since the 1950s

[33]. However no information theoretic operational meaning has yet been imparted to it, which could

make it useful for communication systems understanding, particularly distributed communication

systems. Future work will focus on finding this operational meaning.
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