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ABSTRACT. In this note the authors propose to view the Mitter-Young theory
of integration with respect to operator valued measures, as the foundation for
the theory of SIC-POVMs, proposed by Renes et. al.

Consider the definition of a random variable’s expected value. We have,

(0.1) EX] = /mfx(x)da:

in standard notation. The alternate notation is,

(0.2) E[X] = / wdf.

This highlights the fact that f is the measure with respect to which the integration
is being performed. Here fx(x) is a real-valued measure. In quantum physics, the
measures involved are operator-valued.

Specifically, Mitter and Young [1] have developed an entire theory of integration
[4] with respect to operator-valued measures. The present note is meant simply to
observe that this theory can be viewed as foundational to the case of symmetric-
informationally-complete quantum measurements, via quantum measure theory [5].
The SIC theory is developed in [3] and as an application, it is mentioned that it has
overlaps with the development of certain classes of codes. A view of SIC-POVMs as
being founded on the Mitter-Young theory, would therefore be useful in computing
the properties of quantum code words and in general doing coding, decoding and
transmission using those code words, apart from estimation and detection which
are explicitly discussed in [1].

Furthermore, the mathematical grounding of the Renes et. al. work in terms
of Mitter-Young would serve to generalize it. For instance, Section III in [3] refers
to the SIC-POVMs as forming an eigenset of some group action U,. Under the
Mitter-Young framework, Section 3, where a POVM is characterized as a linear
operator from Cy(S, X) to Z*, and an injection is established, we could ask how the
injection specializes to the eigenspace formed by the SIC-POVMs. Are there special
features that can be identified for that particular subspace? Such investigations
are not without precedent. For example, the work of Lidar et. al. [2], more
than two decades old, showed how decoherence-free-subspaces can protect quantum
information.

To conclude, the Renes et. al. SIC-POVM work, if brought into the fold of
the mathematically foundational Mitter-Young work, may serve a broader set of
domains of application.
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