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Abstract

We develop a conformal geometric framework for analyzing tree codes by mapping the tradi-
tional infinite blocklength domain to the compactified interval (0, 1]. This structure-preserving
transformation converts Shannon’s asymptotic results into boundary phenomena while making
finite blocklength analysis computationally tractable. Applied to Sahai’s anytime tree codes
with pulse position modulation (PPM), the conformal approach reveals the geometric structure
underlying delay-error trade-offs and enables direct computation of quantities that are typically
represented as infinite constructions. The framework unifies Shannon theory, finite blocklength
analysis, and practical coding schemes within a single bounded mathematical domain.

“And although the natural light of human reason indeed compels us to acknowledge a
certain supreme being that is similar to ourselves in all things of perception and under-
standing, still it is only in an incomprehensible manner that he perceives everything
in space, as if it were in his sensory [sensorium].”

— Principia, General Scholium, 2nd ed., 1713, translated by I. Bernard Cohen and
Anne Whitman, 1999, p. 941.

1 Introduction

The classical formulation of Shannon’s noisy channel coding theorem operates in the asymptotic

regime where blocklength n → ∞ and the probability of decoding error P
(n)
e → 0 for any transmis-

sion rate R below the channel capacity C. This framework treats infinity as an idealized horizon,
an unreachable but conceptually clean boundary where the geometry of information becomes exact.
While foundational, this approach leaves a gap between theoretical limits and practical implemen-
tations operating at finite blocklengths.

The work of Verdu, Poor, and Polyanskiy bridged this gap by engaging directly with the finite
blocklength regime, offering precision geometry near the Shannon boundary through second-order
asymptotics, dispersion analysis, and non-asymptotic bounds. However, both classical Shannon
theory and finite blocklength analysis operate in the unbounded domain of positive integers, making
direct computational analysis challenging for infinite constructions like tree codes.

We propose a conformal geometric approach that maps the infinite blocklength domain into the
compactified interval (0, 1] through a structure-preserving transformation. This reframing treats
Shannon’s asymptotic results as boundary phenomena at the point ϵ = 0, while finite blocklength
analysis occupies the interior region ϵ ∈ (0, 1). The transformation eliminates infinities from the
mathematical framework while preserving essential geometric structures, enabling direct computa-
tion of code-rate dependent quantities for constructions traditionally represented as infinite objects.
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2 Conformal Mapping Framework

Consider the structure-preserving map ϕ(n) = 1
n from the positive integers Z+ into the com-

pactified interval (0, 1]. This conformal transformation reinterprets Shannon’s asymptotic regime
as a boundary phenomenon: the limit n → ∞ becomes ϵ → 0, where ϵ = ϕ(n) serves as a scale
parameter encoding resolution. The infinite domain is compressed into a single boundary point,
rendering Shannon’s theory as defining what is ultimately possible without specifying how it is
approached.

In this conformally compactified space, Shannon’s theorem asserts that limϵ→0 Pe(ϵ) = 0 for
rates below capacity, but remains silent on behavior for ϵ > 0. The finite blocklength results of
Verdu, Poor, and Polyanskiy describe the local behavior of achievable rates R(ϵ, δ) as functions of
both scale ϵ and error tolerance δ. The expansion R(ϵ, δ) = C−

√
V ·Q−1(δ) ·

√
ϵ+o(

√
ϵ) reveals the

curvature and slope of the rate-error trade-off near the boundary, where V is the channel dispersion
and Q−1 is the inverse Gaussian tail function.

This transforms the compactified interval (0, 1] into a coordinate chart for precision asymptotics,
where the geometry of trade-offs becomes visible. Shannon’s theory defines the conformal boundary
of information—the ideal point at infinity—while finite blocklength analysis resolves its metric
structure, revealing the near-horizon behavior of real systems. Together, they form a duality: one
defines the geometry of possibility, the other the geometry of approach.

3 Tree Codes in Conformal Coordinates

Tree codes represent a fundamental class of error-correcting codes where information is encoded
along paths in an infinite tree structure. Traditionally, such codes are represented with unbounded
branching, often denoted as continuing indefinitely with notation such as ”. . ..” This infinite con-
struction, while mathematically precise, presents challenges for direct computational analysis and
visualization of asymptotic behavior.

The conformal mapping framework provides a natural resolution to these challenges. By map-
ping tree depth to scale parameter, we transform infinite tree constructions into finite objects
within the bounded domain [0, 1). Consider a tree code where each node at depth d has branching
factor M . In the traditional representation, the tree extends infinitely with exponentially growing
complexity. Under the conformal transformation ϵ = 1/d, each depth level corresponds to a specific
scale parameter, with the infinite horizon corresponding to the boundary point ϵ = 0.
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The geometric structure of the tree becomes visible in conformal coordinates. Each node at
depth d and position p receives a conformal address within the interval, computed as Address(d, p) =
ϵd + (p/Md) ·∆ϵd, where ϵd = 1/d represents the scale at depth d, and ∆ϵd = 1/(d − 1) − 1/d =
1/[d(d− 1)] represents the spacing between consecutive scale levels.

The total space occupied by all nodes at depth d is given by Space(d) = Md ·∆ϵd = Md/[d(d−
1)]. Despite the exponential growth in the number of nodes, the 1/d2 decay in spacing ensures
convergence, guaranteeing that the entire infinite tree fits within the bounded interval [0, 1). This
geometric convergence makes the infinite tree structure computationally tractable while preserving
all essential coding properties.

4 Sahai’s Anytime PPM Tree Code

Sahai’s anytime tree code provides a compelling example for conformal analysis. This construction
uses a semi-orthogonal variation of pulse position modulation that is sequential in nature, allowing
bits to be streamed continuously without buffering blocks at the transmitter. The code achieves
maximum likelihood decoding with exponentially small error probability as a function of tolerated
receiver delay, eventually reaching zero error probability on every transmitted bit.

In traditional representation, Sahai’s code exhibits infinite branching where each symbol uses
one of M time slots, creating Mk possible paths at depth k. The information rate is log2(M)
bits per symbol, and the sequential nature eliminates the need for blocking. However, analysis of
delay-error trade-offs requires careful treatment of infinite constructions and asymptotic limits.

The conformal framework transforms this analysis by mapping tree depth directly to delay
tolerance through the scale parameter ϵ = 1/D, where D represents the delay. Information content
at depth d with delay tolerance ϵ = 1/d becomes I(ϵ) = d · log2(M) = (1/ϵ) · log2(M) bits. This
relationship reveals the fundamental trade-off between information rate and delay tolerance within
the bounded conformal domain.

The PPM structure maps naturally into conformal coordinates. Each pulse position corresponds
to a finite interval within [0, 1), and the tree addressing system provides a bijective mapping between
infinite tree paths and points in the compactified interval. The sequential decoding process operates
with bounded delay parameterized by ϵ, making the entire infinite construction amenable to direct
computational analysis.

5 Delay-Error Exponent Analysis

Traditional analysis of Sahai’s code establishes that for delay D, the error probability satisfies
Pe(D) ≤ exp(−D · E(R)), where E(R) represents the error exponent function. This result, while
mathematically precise, operates in the unbounded domain of delay values and requires asymptotic
analysis to understand limiting behavior.

The conformal transformation ϵ = 1/D converts this bound to Pe(ϵ) ≤ exp(−E(R)/ϵ), revealing
the conformal error exponent Econf(R, ϵ) = ϵ · E(R). This transformation exposes the geometric
structure underlying delay-error trade-offs and enables new analysis techniques impossible in the
traditional framework.

In the conformally compactified space, error probability forms a geometric surface in (ϵ, R, Pe)
coordinates described by logPe(ϵ, R) = −E(R)/ϵ + o(1/ϵ). This surface exhibits well-defined ge-
ometric properties: an asymptotic boundary at ϵ = 0 where Pe → 0 for rates R < C, curvature
determined by the second derivative E′′(R), and ridge lines corresponding to optimal rate-delay
trade-offs.
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The rate of approach to the Shannon limit becomes geometrically visible through conformal
derivatives. The quantity ∂Pe/∂ϵ|ϵ→0 = E(R)/ϵ2 · exp(−E(R)/ϵ) describes exponentially fast con-
vergence, quantified within the conformal geometric framework. This provides direct computational
access to asymptotic behavior that traditionally requires sophisticated analytical techniques.

6 Geometric Structure and Computational Advantages

The conformal approach reveals rich geometric structure in the delay-error trade-off space. Equal
error contours in the (ϵ, R) plane form approximately hyperbolic curves, while optimal paths for
rate-delay optimization become geodesics in the conformal metric. The transformation introduces
a natural scale-invariant distance measure dconf(ϵ1, ϵ2) = | log(Pe(ϵ1)) − log(Pe(ϵ2))| that captures
the exponential scaling inherent in error probability bounds.

This geometric perspective enables visualization of asymptotic behavior that is typically hidden
in analytical expressions. The approach to Shannon capacity becomes visible as motion toward the
boundary ϵ = 0, while practical finite-delay systems correspond to specific points in the interior
ϵ ∈ (0, 1). Trade-off surfaces in three-dimensional parameter space reveal optimal operating regions
and guide practical system design.

The computational advantages are substantial. All quantities remain finite within the bounded
domain [0, 1), eliminating numerical issues associated with infinite constructions. Direct numerical
evaluation becomes possible for expressions that traditionally require asymptotic approximations.
Visualization tools can display the complete parameter space, making abstract theoretical results
accessible to practical engineering analysis.

The framework provides algorithmic stability by taming exponential scaling through conformal
coordinates. Traditional expressions involving exp(−cD) for large delay D become exp(−c/ϵ) for
small ϵ, but the geometric structure of the conformal space provides natural regularization that
prevents numerical overflow in computational implementations.

7 Unified Framework and Extensions

The conformal approach creates a unified mathematical framework encompassing Shannon’s asymp-
totic results at the boundary ϵ = 0, finite blocklength theory in the interior ϵ ∈ (0, 1), and practical
finite-delay systems near ϵ = 1. This unification reveals previously hidden connections between
different regimes of information theory and enables seamless analysis across scales.

Extensions to multi-user scenarios follow naturally within the conformal framework. Multiple
access channels, broadcast channels, and interference networks can each be assigned portions of the
interval [0, 1) with geometric resource allocation. The conformal structure provides natural fairness
criteria and optimization objectives that respect the underlying information-theoretic geometry.

Adaptive coding schemes benefit from the dynamic nature of the scale parameter ϵ. Systems
can adapt to varying channel conditions by adjusting their position in conformal space, optimizing
delay-error trade-offs in real time while maintaining provable quality-of-service guarantees. The
bounded domain ensures that all operating points remain computationally accessible.

The conformal structure exhibits intriguing connections to physics, particularly the AdS/CFT
correspondence in string theory and renormalization group flows in statistical physics. These paral-
lels suggest deeper mathematical connections between information theory and fundamental physics,
potentially revealing new insights into the nature of information processing in complex systems.
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8 Conclusion

The conformal geometric approach transforms tree codes from infinite mathematical constructions
into finite objects with rich geometric structure. By mapping the traditional infinite blocklength
domain to the compactified interval (0, 1], we eliminate computational infinities while preserving
essential coding properties and enabling direct analysis of asymptotic behavior.

Applied to Sahai’s anytime PPM tree codes, this framework reveals the geometric structure un-
derlying delay-error trade-offs and provides new computational tools for analyzing performance.
The transformation converts traditional asymptotic results into boundary phenomena, making
Shannon’s idealized limits geometrically visible and computationally accessible.

The unified framework encompassing Shannon theory, finite blocklength analysis, and practical
coding schemes opens new directions for research at the intersection of information theory, geometry,
and computation. The approach suggests that many fundamental results in information theory
may benefit from similar conformal reframing, potentially revealing hidden geometric structures
and enabling new analytical techniques.

Future work should explore extensions to broader classes of codes, investigation of the physics
connections suggested by the conformal structure, and development of computational algorithms
optimized for the geometric properties of the conformally compactified space. The framework
provides a foundation for bridging the gap between theoretical information limits and practical
system implementation through geometric insight and computational accessibility.
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